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ABSTRACT

The sparsity of images in a fixed analytic transform domain or dic-
tionary such as DCT or Wavelets has been exploited in many ap-
plications in image processing including image compression. Re-
cently, synthesis sparsifying dictionaries that are directly adapted to
the data have become popular in image processing. However, the
idea of learning sparsifying transforms has received only little atten-
tion. We propose a novel problem formulation for learning doubly
sparse transforms for signals or image patches. These transforms
are a product of a fixed, fast analytic transform such as the DCT, and
an adaptive matrix constrained to be sparse. Such transforms can
be learnt, stored, and implemented efficiently. We show the supe-
rior promise of our approach as compared to analytical sparsifying
transforms such as DCT for image representation.

Index Terms— Analysis transforms, Structured transforms, Im-
age representation, Dictionary learning, Sparse representation.

1. INTRODUCTION

Sparse representation of signals in transform domains or dictionar-
ies has become widely popular in recent years. It is well known that
images (or image patches) admit a sparse representation (few signif-
icant non-zero coefficients) in transform domains such as Wavelets
and discrete cosine transform (DCT). This property has been used in
designing various compressions standards such as JPEG2000.

Alternatively, a signal y ∈ Rn may be represented as a linear
combination y ≈ Dx of a small number of atoms/columns from a
dictionary D ∈ Rn×K , where x ∈ RK is sparse, i.e., ∥x∥0 ≪ K
(the l0 quasi norm counts the number of non-zeros). This is known
as the synthesis model [1], which has received considerable recent
attention. The idea of learning a synthesis dictionary from training
signals has also been exploited in recent papers (cf. [2] for a dis-
cussion of the popular K-SVD algorithm). Such adaptive synthesis
dictionaries have been shown to be useful in a variety of applications
such as image denoising [3] and medical image reconstruction [4].

The well-known analysis model [1] model suggests that a sig-
nal y is sparsifiable using a transform W ∈ Rm×n, i.e., Wy ≈ x,
where x ∈ Rm is sparse with ∥x∥0 ≪ m (x is the sparse code for
y). Well-known examples of such transforms for natural signals in-
clude Wavelets and DCT. These transforms are square, i.e., m = n,
and orthonormal. We will focus on square transforms in this work.
However, while analytical sparsifying transforms have been exten-
sively used in many applications, the idea of learning the transform
from data has received only little attention [5], [6].

Now, while one could learn an ‘unstructured’ transform, im-
posing additional structure on the learnt transform W could lead to
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faster learning and implementation. Several structures have been re-
cently proposed for learning synthesis dictionaries [7]. In particular,
Rubinstein et al. [8] proposed learning a doubly sparse synthesis
dictionary. However, the idea of structured analysis learning has not
been explored.

In this work, we propose learning ‘doubly sparse’ analysis trans-
forms. Specifically, we learn a sparsifying transform W = BΦ that
is a product of two different transforms: Φ ∈ Rn×n is an analyti-
cal transform with an efficient implementation; and B ∈ Rn×n is
sparse. This structure combines the advantages of trained and ana-
lytic transforms: adapting to the data, it performs better than analyt-
ical transforms, yet owing to the sparsity of B, it can be stored and
applied efficiently. As we show, it can also be learnt more efficiently
than unstructured transforms.

2. PROBLEM FORMULATION

Given a matrix Y ∈ Rn×N whose columns represent training sig-
nals, a formulation for learning an ‘unstructured’ transform W ∈
Rn×n has been proposed by us in another paper [9] as follows.

(P1) min
W,X

∥WY −X∥2F − λ log detW + µ ∥W∥2F (1)

s.t. ∥Xi∥0 ≤ T0 ∀ i

Here, X is an unknown matrix containing the sparse codes of the
training signals (as columns). Subscript i denotes the ith column of
X , which is allowed to have T0 non-zeros. The first term in the cost
denotes the ‘sparsification error’ in the transform domain, namely
the difference between the approximately sparse WY and the sparse
code X . The − log detW penalty helps enforce full rank on the
transform W and eliminates degenerate solutions such as those with
zero rows, or repeated rows. The ∥W∥2F penalty helps remove a
‘scale ambiguity’ [9] in the solution, which occurs when the data ad-
mits an exactly sparse representation. The − log detW and ∥W∥2F
penalties additionally help control the condition number of the learnt
transform [9]. Poorly conditioned transforms typically convey little
information and may degrade performance in applications.

We formulate the doubly sparse transform learning problem by
replacing W with BΦ in Problem (P1) and adding an extra sparsity
constraint on B. Since the determinant is multiplicative, we have
log det (BΦ) = log det (B) + C where C = log det (Φ), and we
have assumed that Φ has positive determinant (else, it can be multi-
plied on the left with a diagonal ±1 sign matrix to enforce positive
determinant). Moreover, if matrix Φ is orthonormal (e.g. Wavelets,
DCT), we get that ∥BΦ∥2F = ∥B∥2F . With these simplifications, the
doubly sparse transform learning problem formulation becomes

(P2) min
B,X

∥∥∥BŶ −X
∥∥∥2

F
− λ log det (B) + µ ∥B∥2F

s.t. ∥B∥0 ≤ T1, ∥Xi∥0 ≤ T0 ∀ i (2)



where Ŷ = ΦY and the matrix B is restricted to have T1 non-zeros.
Problem (P2) is, however, non-convex.

3. ALGORITHM

Our algorithm for solving Problem (P2) alternates between updating
X and B. The initialization for B needs to be appropriately chosen,
i.e., with positive determinant. In one step (Sparse Update step) of
our algorithm, we solve Problem (P2) with fixed B.

min
X

∥BŶ −X∥2F s.t. ∥Xi∥0 ≤ T0 ∀ i (3)

The solution X can be computed exactly and cheaply by threshold-
ing BŶ , and retaining only the T0 largest coefficients in each col-
umn. In the second step (Transform Update step) of our algorithm,
we solve Problem (P2) with fixed X as follows.

min
B

∥BŶ −X∥2F − λ log detB + µ ∥B∥2F
s.t. ∥B∥0 ≤ T1. (4)

This problem does not have a closed-form solution and is non-
convex. We could solve for B using iterative procedures such as
the projected conjugate gradient algorithm. However, we found that
an alternative strategy of employing the conjugate gradient (CG)
algorithm followed by post-thresholding of B led to better empirical
performance. Hence, we choose this alternative strategy. The iter-
ative updates in the CG algorithm (initialized with the most recent
B) are as follows.

Bk+1 = Bk − ηk g
k (5)

Here k denotes the iteration number; gk is the CG; and ηk > 0 is the
step size. We could use the Armijo step size rule which guarantees
decreasing cost. However, a fixed step size rule (i.e., constant but
small ηk) was also observed to work well and faster in practice.

The result from the CG algorithm is thresholded retaining only
the T1 largest elements. Note that for improperly chosen initializa-
tions, this hard thresholding step may result in a transform of zero or
negative determinant. If the determinant becomes zero, in order to
prevent the algorithm from getting stuck, we scale a non-zero entry
Bij of B such that the modified B has non-zero/reasonably positive
determinant (detB is affine in Bij when all other entries are fixed).
Alternatively, one could differentially scale the entries of an entire
column of B. These procedures maintain the support of B. On the
other hand, if the hard thresholding results in det (B) < 0, then we
can simply swap two rows of B along with the corresponding rows
of X and the determinant of the permuted B is positive. Such a
permutation results in a trivially equivalent transform or iterate.

In our experiments, when we initialized the alternating algo-
rithm with an identity matrix B, the aforementioned extra steps were
never invoked as the algorithm did not reach degenerate states. The
computational cost per iteration (of sparse update and transform up-
date) of the proposed algorithm scales as O(Nn2) for learning an
n× n transform from N training vectors.

4. EXPERIMENTS

In this section, we first illustrate the convergence of the cost function
and iterates for our alternating algorithm. We then show that highly
sparse transforms B can be learnt for natural images with only a
marginal loss in performance, and in fact, with dramatic gains in
speed of learning. Such doubly sparse transforms will be shown to
be substantially better than analytical ones such as DCT. Finally, we
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Fig. 1. Top: Objective function vs. iterations (Left), Sparsification
error vs. iterations; horizontal line corresponds to sparsification er-
ror of W = DCT (Right). Middle: Condition number of B vs.
iterations (Left), Relative iterate change vs. iterations (Right). Bot-
tom: Magnitude image of the learnt sparse matrix B (Left), Image
recovered from sparse code (Right).

illustrate the generalizability of learnt doubly sparse transforms and
their promise for image compression.

We employ our doubly sparse transform learning Problem for-
mulation (P2) for learning adaptive sparse representations of image
patches. The means (or DC values) of the patches are removed and
we only sparsify the mean-subtracted patches which are stacked as
columns of Y (patches represented as vectors). The means are added
back for image display. Mean removal is typically adopted in image
processing applications such as K-SVD based image denoising.

We introduce several metrics to evaluate the performance of
learnt transforms. We define the normalized sparsification error
as ∥BŶ − X∥2F / ∥BŶ ∥2F . This measures the fraction of energy
lost in sparse fitting. We also define the normalized recovery error
as

∥∥Y −W−1X
∥∥2

F
/ ∥Y ∥2F . This measures the error (normal-

ized) in recovering the data Y from their sparse codes obtained by
thresholding WY with W = BΦ. A closely related metric is the
recovery peak signal to noise ratio (or recovery PSNR) defined as
255

√
P/

∥∥Y −W−1X
∥∥
F

in dB, where P is the number of image
pixels. The condition number of W and the sparsity of B are the
other measures of usefulness and efficiency of the doubly sparse
transform.

Experiment 1. For the first experiment, we learn a doubly
sparse transform for the non-overlapping 8 × 8 patches extracted
from the Barbara image [2]. The (zero mean) data matrix Y has
4096 training signals and we work with T0 = 11. We fix the trans-
form Φ in the experiment to be the 2D DCT matrix (Φ = Φ0 ⊗ Φ0

where Φ0 is the 8 × 8 1D DCT matrix and “⊗” denotes the Kro-
necker product). The algorithm is initialized with an identity matrix
for B. The other algorithm parameters are λ = µ = 4 × 105, and



T1 = 0.25 × n2 (25% transform sparsity). The CG algorithm was
run for 30 iterations with a fixed step size of 2× 10−9.

Figure 1 shows the progress of the algorithm over iterations.
The objective function, sparsification error, and condition number
all converge quickly. The condition number of B, which is also the
condition number of W = BΦ for orthonormal Φ, converges to a
low value of 1.41. The horizontal line in the sparsification error plot
corresponds to the sparsification error of the patch-based 2D DCT
transform (i.e., W = Φ = DCT ) at T0 = 11. Our algorithm im-
proves/decreases the sparsification error by 5.8 dB compared to the
analytical DCT transform.

The normalized sparsification error and normalized recovery
error for the learnt transform W = BΦ (with X obtained by thresh-
olding WY ) are 0.0450 (or 4.5%) and 0.0474 respectively. The
two errors are similar for well-conditioned transforms. On the other
hand, the normalized errors (both sparsification/recovery) corre-
sponding to 2D DCT for the zero mean Y are much worse at 0.0676.
The results here indicate that image patches admit reasonably good
doubly sparse transform representations.

The learnt sparse matrix B is shown at the bottom of Figure 1.
We also show the sparse approximation image recovered as W−1X ,
which has a recovery PSNR of 34.39 dB. In contrast, the image
recovered using the fixed, patch-based 2D DCT has a much worse
PSNR of 32.85 dB.

Finally, we plot in Figure 1, the evolution of ∥Bi −Bi−1∥F /
∥Bi−1∥F . This term measures the relative change between succes-
sive iterates, and can be used as a stopping condition for the algo-
rithm. It decreases to a low value of 3.6 × 10−3 indicating conver-
gence of the iterates.

Note that while the experiment here was performed with Φ as
the DCT matrix, the behavior of the algorithm is similar for other Φ
matrices such as Hadamard. The initial iterations of the algorithm
can also be executed with few or no transform thresholding steps.
This leads to a better initialization. Hence, in the following experi-
ments, we perform no post-thresholding for the first 40 iterations.

Experiment 2. We now work with the same data as for Fig-
ure 1 and test the performance of the algorithm as a function of the
sparsity levels T0 and T1. All parameters are fixed as in the ex-
periment of Figure 1 (except that a larger step size of 10−8 is used
for large T1 such as 50% to ensure faster convergence). The algo-
rithm terminates (here and in the rest of the experiments) when the
relative iterate change between successive iterates B drops below a
small threshold empirically chosen here as 0.1%. Figure 2 plots the
variation of normalized sparsification error, recovery PSNR (of Bar-
bara), and condition number for the learnt transform as a function
of percentage sparsity of B (i.e., T1

n2 ). This is done at different data
sparsity levels T0 = 10, 15, 20. The normalized sparsification error
increases monotonically as the transform sparsity level is reduced.
The condition number, however, changes only slightly as a function
of T1 (its change/increase with decreasing T1 is more drastic at lower
values of λ, µ). Moreover, the recovery PSNR decreases when the
transform sparsity level is lowered. This behavior is expected be-
cause as its sparsity level decreases, the transform has fewer degrees
of freedom to adapt. Likewise, all the metrics also degrade when the
data sparsity level T0 is reduced. However, the values of all metrics
(for fixed T0) are reasonable even at low transform sparsities such as
10-15 % (i.e., the values at 10 % are not too different from those at
100%). This indicates that we can learn highly sparse transforms B
with only a marginal loss in performance.

The normalized sparsification errors with the patch-based 2D
DCT at T0 values of 10, 15, and 20 are 0.0782, 0.0393, and 0.0211
respectively. The corresponding recovery PSNRs are 32.22 dB,
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Fig. 2. Normalized Sparsification error (Top Left), Recovery PSNR
(Top Right), and Condition number (Bottom Left), vs. percentage
transform sparsity at different T0 values. Algorithm iteration count
vs. percentage transform sparsity for T0 = 15 (Bottom Right).

35.21 dB, and 37.91 dB respectively. For a fixed T0, the learnt dou-
bly sparse transforms have better normalized sparsification errors
and recovery PSNRs than 2D DCT even at very low transform spar-
sities such as 2%. This indicates the promise of efficient adaptive
transforms over analytical ones. As we will see later, the perfor-
mance advantage of learnt transforms increases with patch size.

Next, turning to computational cost, we plot the number of al-
gorithm iterations as a function of transform sparsity for T0 = 15
(the behavior is similar for other T0 values). The number of required
algorithm iterations is much lower at lower transform sparsity levels
as compared to 100% transform sparsity (which corresponds to the
‘unstructured’ transform). The reduction in iteration counts is 2-4
fold depending on the value of T1 (this reduction is not a monotone
function of T1, possibly an artifact due to the specific choice of the
stopping criterion). Moreover, the computational cost per algorithm
iteration is lower at smaller values of T1 since operations with sparse
matrices are faster. Currently, the run time per iteration is upto about
2 times lower at smaller T1 compared to T1 = n2. We expect the
speedups to be much greater with code optimization. Thus, doubly
sparse transforms (which have fewer free parameters) can be learnt
much faster than ‘unstructured’ ones.

Experiment 3. In the final experiment, designed to study the
generalizing power of learnt transforms, we consider a magnetic
resonance image dataset [10]. Of the 16 images in the dataset, 6
are used for training. A total of 41,334 overlapping patches of size
12 × 12 (n = 144) are extracted from the training images using a
patch overlap stride of r = 3 (cf. [4] for the definition of overlap
stride). The formulation of Problem (P2) is used to learn a dou-
bly sparse transform adapted to these 41,334 patches after removing
their means. The algorithm parameters are set as λ = µ = 107,
T0 = 0.17 × n, and T1 = 0.15 × n2 (rounded to nearest integers).
The ‘globally’ (called so because it is learnt over a variety of images
and tested on others) learnt doubly sparse transform has a condition
number of 1.19 and normalized sparsification error of 0.0302 for
training patches. We also learnt a ‘global’ transform at T1 of 100%,
which had a normalized sparsification error and condition number of
0.0292 and 1.17 respectively.

Table 1 considers three unrelated test images from the dataset
[10] labeled as R1, R2, and R3 (not used in training, shown in Figure
3), and lists the normalized sparsification errors, recovery PSNRs,



Fig. 3. Left to Right: The three test images - R1, R2, and R3.

CN-I NSE-I RP-I NSE-D RP-D NSE-G RP-G
R1 1.15 0.0207 36.84 0.0403 33.98 0.0308 34.86
R2 1.11 0.0143 39.97 0.0347 36.11 0.0267 36.93
R3 1.14 0.0184 37.15 0.0378 34.04 0.0300 34.77

Table 1. Normalized sparsification errors (NSE-G) and recovery
PSNRs (RP-G) for the globally adapted transform at T1 of 15%,
along with the corresponding quantities for 2D DCT (NSE-D/RP-
D), and for image-specific transforms (NSE-I/RP-I) at T1 of 15%,
and the condition numbers (CN-I) of the image-specific transforms.

and condition numbers of doubly sparse transforms of transform
sparsity 15% learnt on 12× 12 non-overlapping patches for each of
the test images (hence, also called image-specific transforms). The
normalized sparsification errors and recovery PSNRs obtained by
applying the globally learnt transform at T1 of 15% on each of these
images are also listed along with the corresponding values for the
144× 144 2D DCT.

Both the global and image-specific transforms (which are also
well-conditioned) perform significantly better than 2D DCT for all
the test images. The image-specific transform provides upto 3.85 dB
better normalized sparsification error and 3.86 dB better recovery
PSNR than the 2D DCT. The global transform, although adapted to
a particular training set, provides promising improvements of upto
0.88 dB in recovery PSNR and 1.17 dB in normalized sparsification
error over 2D DCT on the test images. This indicates that the global
transform is able to learn the common properties of the magnetic res-
onance images, and is hence able to represent the test images more
effectively. The results point to the promise of both the global and
image-specific doubly sparse transforms for image compression (the
latter have the overhead of learning and encoding/storing the learnt
sparse transform for each image).

Next, we compare the generalizability of unstructured (T1 of 100
%) vs. doubly sparse (T1 of 15%) globally learnt transforms. Ta-
ble 2 lists performance metrics of image-specific unstructured trans-
forms along with the corresponding values for the global unstruc-
tured transform when applied to each of the test images. The image-
specific unstructured transforms perform better than the correspond-
ing doubly sparse (image-specific) transforms of Table 1 while the
latter are much cheaper to learn. In the case of the global transform,
the doubly sparse transform of Table 1 performs almost as well as an
unconstrained one on test images. The results also indicate a larger
performance gap between the image-specific and global transforms
at T1 of 100% than the corresponding gap at T1 of 15%. Apparently,
reducing the number of degrees of freedom in the global transform
by the sparsity constraint prevents over-fitting to a particular train-
ing image and enables good generalization. The results here can be
improved further by optimal choice of λ and µ.

The performance of all our adaptive transforms improves with
increasing patch size. For example, with n = 196, when evaluated
over the test images, the globally learnt doubly sparse transform (at
T1 of 15%) provides upto 1.16 dB and 1.47 dB improvements in
recovery PSNR and in normalized sparsification error, respectively,
over 2D DCT. The corresponding improvements over 2D DCT by
the image-specific doubly sparse transforms (at T1 of 15%) are 5.76
dB and 5.72 dB respectively.

CN-I NSE-I RP-I NSE-G RP-G
R1 1.07 0.0127 38.94 0.0303 34.95
R2 1.04 0.0066 43.32 0.0260 37.06
R3 1.08 0.0118 39.05 0.0294 34.85

Table 2. Normalized sparsification errors (NSE-G) and recovery
PSNRs (RP-G) for the globally adapted transform at T1 of 100%,
along with the corresponding quantities for image-specific trans-
forms (NSE-I/RP-I) at T1 of 100%, and the condition numbers (CN-
I) of the image-specific transforms.

When a global doubly sparse transform is used in applications,
the computational cost of applying it on a test vector is CT1 + TΦ

where C is a constant and TΦ is the cost of applying Φ (e.g. TΦ =
n log n for DFT). For small T1, this cost is much lower than the
cost of applying an unstructured transform which scales as n2 and
moreover, only involves a small overhead above the fast analytical
Φ. Using a sparse linear system solver and a fast implementation of
the analytical transform Φ−1, the cost of recovery from sparse code
x by W−1x = Φ−1B−1x is also lower for doubly sparse transforms
compared to unstructured ones.

5. CONCLUSIONS AND FUTURE WORK

In this paper, we presented a novel problem formulation for learn-
ing ‘doubly sparse’ transforms. Our formulation gives rise to sig-
nificantly sparse and reasonably-conditioned transforms with much
lower sparsification errors than analytical transforms. Moreover, im-
posing the doubly sparse property leads to faster learning and faster
computations with the sparse transform. The adapted transform also
has a reduced storage requirement and generalizes better than the
‘unstructured’ (or non-sparse) transform. The usefulness of doubly
sparse transform learning in image compression and other applica-
tions merits further study.
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