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Abstract—Compressed sensing exploits the sparsity of images or image
patches in a transform domain or synthesis dictionary to reconstruct
images from undersampled measurements. In this work, we focus on
blind compressed sensing, where the underlying sparsifying transform
is a priori unknown, and propose a framework to simultaneously
reconstruct both the image and the transform from highly undersampled
measurements. The proposed block coordinate descent type algorithm
involves efficient updates. Importantly, we prove that although the
proposed formulation is highly nonconvex, our algorithm converges to
the set of critical points of the objective defining the formulation. We
illustrate the promise of the proposed framework for magnetic resonance
image reconstruction from highly undersampled k-space measurements.
As compared to previous methods involving fixed sparsifying transforms,
or adaptive synthesis dictionaries, our approach is much faster, while
also providing promising image reconstructions.

I. I NTRODUCTION
In recent years, several methods have been proposed that exploit
the sparsity of images or image patches in a sparsifying transform
domain or synthesis dictionary to compress, or reconstruct images.
In the context of imaging, the recent theory of Compressed Sensing
(CS) [1] enables accurate recovery of images from significantly fewer
measurements than the number of unknowns. To do so, it requires
that the underlying image be sufficiently sparse in some transform
domain or dictionary, and that the measurement acquisition procedure
be incoherent, in an appropriate sense, with the transform. The image
reconstruction problem in CS is typically formulated (using a convex
relaxation of the ℓ0 counting “norm” for sparsity) as follows [2]
min kAx − yk22 + λ kΨxk1
x

(1)

Here, x ∈ Cp is a vectorized representation of the image to be
reconstructed, y ∈ Cm denotes the measurements, and A ∈ Cm×p ,
with m ≪ p is the sensing or measurement matrix. The matrix
Ψ ∈ Ct×p is a sparsifying transform. CS has been applied to
imaging modalities such as magnetic resonance imaging (MRI) [2]
demonstrating high quality reconstructions from few measurements.
While conventional CS techniques utilize fixed sparsifying transforms such as wavelets to reconstruct images, in this work, we
instead focus on blind compressed sensing (BCS) [3]–[5], where
the underlying sparse model is assumed unknown a priori. The goal
of BCS is to simultaneously reconstruct the underlying image(s) as
well as the dictionary or transform from undersampled measurements.
Thus, BCS enables the sparse model to be adaptive to the specific
data under consideration.
In prior work [3], we demonstrated the usefulness of dictionarybased BCS for MRI, even in the case when the measurements
corresponding to only a single image are provided. In this case,
the overlapping patches of the image are assumed to be sparse in
a dictionary, and the patch-based dictionary, that is typically much
smaller than the image, is learnt directly from CS measurements.
BCS techniques provide much better image reconstructions than CS
methods that use a fixed sparsifying transform or dictionary [3], [5].
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However, the synthesis dictionary-based BCS Problems [3] are nonconvex and NP-hard and the approximate iterative algorithms for
these problems typically solve the NP-hard synthesis sparse coding
problem repeatedly, which makes them computationally expensive.
Moreover, no convergence guarantees exist for these algorithms.
In this work, we instead focus on the efficient sparsifying transform
model [6], and propose a BCS formulation involving well-conditioned
or orthonormal adaptive square sparsifying transforms. Our framework simultaneously adapts the patch-based sparsifying transform
and reconstructs the underlying image(s) from undersampled measurements. We propose an efficient block coordinate descent-type
algorithm for transform-based BCS. Our iterative algorithm is proved
to be globally convergent (i.e., converges from any initialization) to
the set of critical points of the highly non-convex BCS objective.
We demonstrate the promise of our method for CS MRI, where
it outperforms prior methods involving fixed transforms, or even
adaptive overcomplete synthesis dictionaries. Importantly, transformbased BCS is 10x faster than synthesis dictionary-based BCS [3] for
reconstructing 2D MRI data. Because transform-based BCS is much
more efficient than synthesis dictionary-based BCS for larger patch
sizes, the speedup it provides over dictionary-based BCS is expected
to be much higher for 3D or 4D data, where larger (3D or 4D) patches
can be used.
II. S PARSIFYING T RANSFORM - BASED BCS F ORMULATION
The compressed sensing-based image reconstruction Problem (1)
can be viewed as a particular instance of the following constrained
regularized inverse problem, with ζ(x) = λ kΨxk1 and S = Cp
min kAx − yk22 + ζ(x)
x∈S

(2)

In order to overcome the drawbacks of non-adaptive CS, or the recent
synthesis dictionary-based BCS [3], we propose to use the following
transform-learning regularizer [6]
N
X
1
min
kW Pj x − bj k22 + λ Q(W ) s.t. kBk0 ≤ s
ν W,B j=1

along with the constraint set S = x ∈ Cp : kxk2 ≤ C within
Problem (2) to arrive at the following transform BCS formulation

ζ(x) =

(P1)

min ν kAx − yk22 +

x,W,B

N
X
j=1

kW Pj x − bj k22 + λ Q(W )

s.t. kBk0 ≤ s, kxk2 ≤ C.
Here, ν > 0 is a weight, and Pj ∈ Cn×p represents the operator
√
√
that extracts a n × n 2D patch as a vector Pj x ∈ Cn from the
image x. A total of N overlapping 2D patches are assumed. Matrix
W ∈ Cn×n in (P1) denotes a square sparsifying transform for the
patches of x. The penalty kW Pj x − bj k22 denotes the sparsification
error (transform domain residual) [6] for the jth patch, with bj
denoting the transform sparse code. We use B ∈ Cn×N to denote
the matrix thatPhas the sparse codes bj as its columns. The sparsity
term kBk0 = N
j=1 kbj k0 counts the number of non-zeros in B. The
sparsity constraint in (P1) is enforced on all the overlapping patches,

taken together. This is a way of enabling variable sparsity levels for
each specific patch. The constraint kxk2 ≤ C with C > 0 in (P1),
is to enforce any prior knowledge on the signal energy (or, range).
The function Q(W ) in (P1) is a regularizer for the transform,
and the weight λ > 0. Notice that without an additional regularizer,
W = 0 is a trivial sparsifier, and therefore, W = 0, bj = 0
∀j, x = A† y (assuming this x satisfies kxk2 ≤ C) with (·)†
denoting the pseudo-inverse, would trivially minimize the objective
(without the regularizer Q(W )) in (P1). Similar to prior work on
transform learning [6], we set Q(W ) , − log |det W | + 0.5 kW k2F .
The − log |det W | penalty eliminates degenerate solutions such as
those with repeated rows. The kW k2F penalty helps remove a ‘scale
ambiguity’ in the solution [6], which occurs when the optimal
(x, W, B) in (P1) is such that W Pj x = bj ∀ j, and kBk0 ≤ s.
In this case, if the kW k2F penalty is absent in (P1), the optimal
(W, B) can be scaled by β ∈ C, with |β| → ∞, which causes the
objective to decrease unbounded.
The Q(W ) regularizer also controls the condition number κ(W )
(along with the scaling) of the learnt W . If we were to minimize
only the Q(W ) term in (P1) with respect to W , then the minimum
is achieved with a W with κ(W ) = 1 and spectral norm (scaling)
of 1 [6], i.e., a unitary or orthonormal transform W . Thus, similar
to Corollary 2 in [6], it can be shown that as λ → ∞ in (P1), the
optimal sparsifying transform(s) tends to a unitary one. In practice,
the transforms learnt via (P1) are typically close to unitary even for
finite λ. Adaptive well-conditioned transforms (small κ(W ) 6= 1)
have been shown to perform better than adaptive orthonormal ones
in applications such as image representation, or image denoising [6].
In this work, we set λ = λ0 N in (P1), where λ0 > 0 is a constant.
This setting allows λ to scale with the size of the data (number of
patches). The weight ν in (P1) is set similarly as in prior work [3].
The following proposition (proof presented in [7]) considers an
“error-free” scenario and establishes the global identifiability of the
underlying image and sparse model in BCS via solving Problem (P1).
Proposition 1. Let x ∈ Cp with kxk2 ≤ C, and let y = Ax with
A ∈ Cm×p . Suppose that W ∈ P
Cn×n is a unitary transform that
sparsifies all the patches of x as N
j=1 kW Pj xk0 ≤ s. Further, let
B be the matrix with W Pj x as its columns. Then, (x, W, B) is a
global minimizer of (P1), i.e., it is identifiable by solving the problem.
Thus, when “error-free” measurements are provided, and the
patches of the underlying image are exactly sparse (as per the
constraint in (P1)) in a unitary W , Proposition 1 guarantees that
the image as well as the W are jointly identifiable by solving (P1).
While formulation (P1) is for the (extreme) scenario when the CS
measurements corresponding to a single image are provided, it can
also be easily extended to other scenarios such as 3D or 4D imaging.
III. A LGORITHM AND P ROPERTIES

We propose a block coordinate descent-type algorithm to solve
Problem (P1). Our algorithm alternates between solving for the sparse
codes {bj } (sparse coding step), transform W (transform update
step), and image x (image update step), with the other variables kept
fixed. We may typically alternate a few times between sparse coding
and transform update, before performing one image update.
1) Sparse Coding Step: The sparse coding step of our algorithm
for Problem (P1) involves the following optimization problem
B

min kW X − Bk2F + 0.5λ kW k2F − λ log |det W |
W

(4)

where X ∈ Cn×N denotes the matrix with the vectorized patches
Pj x as its columns. An analytical solution for this problem is as
follows [8]. First, factorize XX H + 0.5λI as LLH , with L ∈ Cn×n .
Let L−1 XB H have a full singular value decomposition (SVD) of
V ΣRH . Then, a global minimizer of (4) is


1
(5)
Ŵ = 0.5R Σ + Σ2 + 2λI 2 V H L−1
1

where (·) 2 denotes the positive definite square root. The solution
above is unique if and only if XB H is non-singular. The solution is
invariant to the choice of factor L. This factor can be the Cholesky
factor, or the Eigenvalue Decomposition (EVD) square root.
3) Image Update Step: In this step, we solve Problem (P1) for x,
with the other variables fixed. This involves the following problem
min
x

N
X
j=1

kW Pj x − bj k22 + ν kAx − yk22 s.t. kxk2 ≤ C.

(6)

Problem (6) is a least squares problem with an ℓ2 (alternatively,
squared ℓ2 ) constraint [9]. It can be solved exactly by using the
Lagrange multiplier method [9]. The solution to (6) satisfies the
following Normal Equation


N

X
G + ν AH A + µ̂I x =
PjT W H bj + ν AH y

(7)

j=1

wherePµ̂ ≥ 0 is the optimally chosen Lagrange multiplier and
T
H
T
G, N
j=1 Pj W W Pj , with (·) denoting the transpose of a real
matrix. The solution to (6) is in fact unique because (assuming that
the set of patches in our formulation covers all pixels in the image)
matrix G is positive-definite, i.e., G ≻ 0. To solve Problem (6), the
optimal Lagrange multiplier µ̂ (in (7)) needs to be determined. For
this, we first compute the EVD of G 
+νAH A as U ΣU H . Here, G 
≻
H PN
T
H
H
0 ⇒ Σ ≻ 0. Then, defining z , U
P
W
b
+
ν
A
y
,
j
j
j=1
we have that (7) implies U H x = (Σ + µ̂I)−1 z. Therefore,

A. Algorithm

min kZ − Bk2F s.t. kBk0 ≤ s.

where Z ∈ Cn×N denotes the matrix with the transformed (vectorized) patches W Pj x as its columns, and k·kF denotes the standard
Frobenius norm.
The above problem is to project Z onto the non
convex set B ∈ Cn×N : kBk0 ≤ s of matrices that have sparsity
≤ s, which we call the s-ℓ0 ball. The optimal projection B̂ is easily
computed by zeroing out all but the s coefficients of largest magnitude
in Z. We denote this operation by B̂ = Hs (Z), where Hs (·) is the
corresponding projection operator. In case, there is more than one
choice for the s elements of largest magnitude in Z, then Hs (Z) is
chosen as the projection for which the indices of these s elements
are the lowest possible in lexicographical order.
2) Transform Update Step: Here, we solve for W in (P1), with
the other variables kept fixed. This involves the following problem

(3)

kxk22 = U H x

2
2

=

p
X
i=1

|zi |2
, f˜(µ̂)
(Σii + µ̂)2

(8)

where zi denotes the ith entry of vector z. If f˜(0) ≤ C 2 , then
µ̂ = 0 is the optimal multiplier. Otherwise, the optimal µ̂ satisfying
f˜(µ̂) = C 2 is found by using Newton’s method, which is guaranteed
to converge to the optimal value at a quadratic rate. Once the optimal
µ̂ is found, the unique solution to the image update Problem (6) is
U (Σ + µ̂I)−1 z, coinciding with the solution to (7) for this µ̂.
Other alternative ways to find the solution to (6) include using the
projected gradient method, or, solving (7) repeatedly (by conjugate

gradients – CG) for various µ̂ (tuned in steps) until the kxk2 = C
condition is satisfied. The structure of the various matrices in (7) can
be exploited to enable efficient gradient computations. For example,
the matrix AH A may have a sparse (e.g., in inpainting), or Toeplitz
structure. Moreover, assuming that periodically positioned, maximally overlapping image patches (patch overlap stride [3] r = 1) are
used in (P1), and that the patches that overlap the image boundaries
‘wrap around’ on the opposite side of the image [3], the matrix G in
(7) is then a Block Circulant matrix with Circulant Blocks (is applied
on a vector via FFTs) with EVD F H ΓF (Γ ≻ 0), where F ∈ Cp×p
is the full Fourier encoding matrix assumed normalized (F H F = I).
Assuming F is arranged such that its first column is the constant
√
column (entries = 1/ p), the diagonal of Γ above is computed
√
via FFTs as pF a1 , where a1 is the first column of G computed
efficiently by applying G (using simple patch-based operations) on
z ∈ Cp that has a one in its first entry (corresponding to an image
with a 1 in the top left corner) and zeros elsewhere.
In certain scenarios, the optimal x̂ in (6) is found very easily.
Here, we consider the case of Fourier imaging modalities, or more
specifically, MRI, where A = Fu , the undersampled Fourier encoding
matrix. We assume that the k-space measurements in MRI are
obtained by subsampling on a uniform Cartesian grid. Further, assume
r = 1 in (P1), and that all ‘wrap around’ image patches are included.
Then, equation (7) can be simplified for MRI as follows


N

X
F GF H + ν F FuH Fu F H + µ̂I F x = F
PjT W H bj +νF FuH y
j=1

F FuH Fu F H

Here,
is a diagonal matrix of ones and zeros, with the
ones at those entries that correspond to sampled locations in k-space.
By our previous arguments, F GF H = Γ is diagonal.
the
P Denoting
T
H
diagonal of Γ by γ (all positive vector), S , F N
P
W
bj ,
j=1 j
and S0 , F FuH y, we have that the solution to (7) for MRI is
(
S(kx ,ky )
, (kx , ky ) ∈
/Ω
γ(kx ,ky )+µ̂
F xµ̂ (kx , ky ) = S(kx ,ky )+ν
(9)
S0 (kx ,ky )
,
(k
,
k
)
∈
Ω
x
y
γ(kx ,ky )+ν+µ̂
where (kx , ky ) indexes k-space locations, and Ω is the subset of
k-space that is sampled. The function f˜(µ̂) in (8) now has the form
X

(kx ,ky )∈Ω
/

X
|S(kx , ky )|2
|S(kx , ky ) + ν S0 (kx , ky )|2
2+
(γ(kx , ky ) + µ̂) (k ,k )∈Ω
(γ(kx , ky ) + ν + µ̂)2
x

y

We check if f˜(0) ≤ C first, before applying Newton’s method to
solve f˜(µ̂) = C 2 . Then, the optimal x̂ in (6) for MRI is the 2D
inverse FFT of the optimal F xµ̂ in (9).
We call our overall method for solving (P1) as Algorithm A1.
Due to lack of space, the pseudo-code for Algorithm A1 (Figure 1
of [7]) is omitted
here. The algorithm begins with an initial estimate

W 0 , B 0 , x0 (e.g., W 0 = 2D DCT, x0 = A† y (assume A† y 2 ≤
C), and B 0 is the minimizer of (P1) for this (W 0 , x0 )). Each
outer iteration of Algorithm A1 involves sparse coding, transform
update, and image update steps, with say L inner iterations of sparse
coding and transform update performed in every outer iteration.
Then, the computational cost per outer iteration of Algorithm A1 for
MRI is O(n2 N L) [7]. In contrast, for the dictionary-based DLMRI
[3] that learns a synthesis dictionary D ∈ Cn×K from CS MRI
measurements, assuming K ∝ n and sparsity per patch s ∝ n, the
cost per outer iteration is O(n3 N Jˆ) [3], where Jˆ is the number
of inner dictionary learning (K-SVD [10]) iterations in DLMRI.
Assuming L ∼ Jˆ, the per-iteration cost of Algorithm A1 is much
lower than for DLMRI. In practice, Algorithm A1 converges in few
2

iterations. So the per-iteration advantage typically translates to a net
computational advantage in practice.
IV. C ONVERGENCE R ESULTS
We present convergence guarantees for Algorithm A1 that solves
Problem (P1). Due to the high degree of non-convexity involved in
(P1), standard results [11] on convergence of block coordinate descent
methods do not apply. Very recent works on the convergence of block
coordinate descent-type methods (e.g., [12]) prove convergence of
the iterate sequence (for specific algorithm) to a critical point of
the objective. However, these works make numerous assumptions,
some P
of which can be easily shown to be violated for (P1) (e.g., the
2
term N
j=1 kW Pj x − bj k2 in (P1), although differentiable, violates
the L-Lipschitzian gradient property in Assumption 2.1 of [12]). In
fact, in certain scenarios (e.g., when y = 0), one can easily derive
non-convergent iterate sequences for Algorithm A1. Non-convergence
mainly arises for the transform or sparse code sequences (rather than
the image sequence) due to the fact that the optimal solutions in the
sparse coding or transform update steps may be non-unique.
A. Preliminaries and Notations
A necessary condition for z ∈ Rq to be a minimizer of a function
φ : Rq 7→ (−∞, +∞] is that z is a critical point of φ, i.e.,
0 ∈ ∂φ(z), where ∂φ(z) denotes the sub-differential of φ at z [13].
Critical points can be thought of as generalized stationary points [13].
Problem (P1) has the constraints kBk0 ≤ s and kxk2 ≤ C,
which can instead be added as penalties in the objective by using the
barrier functions ψ(B) and χ(x) (which take the value +∞ when
the respective constraints are violated, and are zero otherwise). The
proposed formulation can then be written in an
P unconstrained form2
with objective g(W, B, x) = ν kAx − yk22 + N
j=1 kW Pj x − bj k2
+λ Q(W ) + ψ(B) + χ(x). Since g accepts complex-valued input
arguments, we compute the derivatives or sub-differentials of this
function with respect to the real and imaginary parts of the variables.
For Algorithm A1, we denote the
 iterates (outputs) in each outer
iteration t by the set W t , B t , xt . For a matrix H, we let ρj (H)
denote the magnitude of the j th largest element (magnitude-wise) of
the matrix H. Further, kHk∞ , ρ1 (H). Finally, Re(A) denotes the
real part of some scalar or matrix A.
B. Main Results for Algorithm A1
Assume the initial (W 0 , B 0 , x0 ) satisfies all constraints in (P1).

Theorem 1. Let W t , B t , xt denote the iterate sequence generated by Algorithm A1 with measurements y 
∈ Cm and ini0
0
0
tial (W , B ,x ). Then, the objective sequence g t with g t ,
g W t , B t , xt is monotone decreasing, and converges to a finite
value, say g ∗ = g ∗ (W 0 , B 0 , x0 ). Moreover, the iterate sequence

W t , B t , xt is bounded, and all its accumulation points are equivalent in the sense that they
same value g ∗ of the
 t achieve tthe exact
t
objective. The sequence a with a , x − xt−1 2, converges to
zero. Finally, every accumulation point (W, B, x) of W t , B t , xt
is a critical point of the objective g satisfying the following partial
global optimality conditions
x ∈arg min g (W, B, x̃)
x̃


W ∈arg min g W̃ , B, x
W̃


B ∈arg min g W, B̃, x
B̃

(10)
(11)
(12)

Each accumulation point (W, B, x) also satisfies the following partial local optimality conditions
g(W + dW, B + ∆B, x) ≥g(W, B, x) = g ∗
˜ ≥g(W, B, x) = g ∗
g(W, B + ∆B, x + ∆x)

(13)
(14)

˜ ∈ C , and all sufficiently small
The conditions each hold for all ∆x
dW ∈ Cn×n satisfying kdW kF ≤ ǫ′ for some ǫ′ > 0 that depends
on the specific W , and all ∆B ∈ Cn×N in the union of the following
regions R1 and R2, where X ∈ Cn×N is the matrix with Pj x, 1 ≤
j ≤ N , as its columns.


R1. The half-space Re tr (W X − B)∆B H ≤ 0.
R2. The local region defined by k∆Bk∞ < ρs (W X).
Furthermore, if kW Xk0 ≤ s, then ∆B can be arbitrary.
p

Corollary 1. For each (W 0 , B 0 , x0 ), the iterate sequence in Algorithm A1 converges to an equivalence class of critical points, that
are also partial minimizers satisfying (10), (11), (12), (13), and (14).
Conditions (13) and (14) hold true not only for local (small)
perturbations of B, but also for arbitrarily large perturbations in a half
space (region R1). Furthermore, (14) holds for arbitrary perturbations
˜ of x. Theorem 1 also indicates xt − xt−1 → 0, which is a
∆x
2
necessary but not sufficient condition for convergence of the entire
sequence xt . The following corollary to Theorem 1 also holds.

Corollary 2. Algorithm A1 is globally convergent to a subset of the
set of critical points of g, that includes all (W, B, x) that are at least
partial global minimizers of g with respect to each of W , B, and x,
and partial local minimizers with respect to (W, B), and (B, x).
Theorem 1 holds for Algorithm A1 irrespective of the number of
inner iterations L, of transform update and sparse coding, within
each outer algorithm iteration. In practice, we have observed that a
larger value of L (particularly in initial algorithm iterations) enables
Algorithm A1 to be insensitive to the initial (even, badly chosen)
values of W 0 and B 0 .
V. N UMERICAL E XPERIMENTS
A. Framework

We study the effectiveness of the proposed BCS framework for the
CS MRI application. The MR data used here were provided by Prof.
Michael Lustig, UC Berkeley. We refer to our reconstruction method
(with Algorithm A1) as Transform Learning MRI (TLMRI). We
compare the reconstructions provided by TLMRI to those provided
by the following schemes: 1) the Sparse MRI method [2] that utlilizes
Wavelets and Total Variation as fixed transforms; 2) the DLMRI
method [3] that learns adaptive synthesis dictionaries; and 3) the
PBDWS method [14] that is a recent partially adaptive sparsifyingtransform based method employing redundant Wavelets and trained
patch-based geometric directions. For the Sparse MRI, PBDWS, and
DLMRI methods, we used the publicly available software implementations [15]–[17]. We used the built-in parameter settings in the
Sparse MRI and PBDWS implementations, which performed well
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9.7
Objective Function

Theorem 1 (proof presented in [7]) establishes that for each initial
(W 0 , B 0 , x0 ), the iterate sequence in Algorithm A1 converges to an
equivalence class of accumulation points. Specifically, every accumulation point corresponds to the same value g ∗ = g ∗ (W 0 , B 0 , x0 ) of
the objective. (The exact value of g ∗ could vary with initialization.)
The equivalent accumulation points are all critical points and at least
partial minimizers of g. Thus, we have the following corollary to
Theorem 1.

x 10

9.65
9.6
9.55
9.5
9.45 0
10

1

10
Iteration Number

Fig. 1. TLMRI with 4x undersampling. First row: fully sampled reconstruction or reference (left); k-space sampling mask (right). Second row: initial
zero-filling reconstruction (left); TLMRI reconstruction (right). Third row:
objective function (left); and real (top) and imaginary (bottom) parts of the
learnt W with the matrix rows shown as patches (right).

in our experiments. For DLMRI, image patches of size 6 × 6 were
used [3], and a four fold overcomplete dictionary D ∈ R36×144 is
learnt using 25 iterations of the algorithm. The patch stride r = 1,
and 14400 randomly selected patches are used during the dictionary
learning step (executed for 20 iterations) of the DLMRI algorithm.
A maximum sparsity level (of s = 7 per patch) is employed together
with an error threshold (for sparse coding) during the dictionary
learning step. The ℓ2 error threshold per patch varies linearly from
0.34 to 0.15 over the DLMRI iterations. These parameter settings (all
other settings are as per the indications in the DLMRI-Lab toolbox
[17]) were observed to work well for DLMRI.
For TLMRI, n = 36, r = 1 (with patch wrap around), ν =
3.81, L = 1, λ0 = 0.2, C = 105 , and s = 0.034 × nN , where
N = 5122 . The initial W 0 is the 2D DCT, x0 is the zero-filling
Fourier reconstruction, and the initial B 0 is the solution to (P1) for
the given (W 0 , x0 ). All simulations were executed in Matlab. All
computations were performed with an Intel Core i5 CPU at 2.5GHz
and 4GB memory, employing a 64-bit Windows 7 operating system.
Similar to prior work [3], we use the peak-signal-to-noise ratio
(PSNR) metric to measure the quality of MR image reconstructions.
The PSNR (expressed in dB) is computed as the ratio of the
peak intensity value of a reference image to the root mean square
reconstruction error (computed between image magnitudes) relative
to the reference.
B. Convergence and Learning Behavior
Here, we consider the 512 × 512 complex-valued reference image
shown (only the magnitude is displayed) in Fig. 1, that is reconstructed (by inverse 2D FFT) from fully-sampled Cartesian (raw)
k-space data. We perform (variable density [3]) Cartesian sampling
with four fold undersampling in the 2D DFT space of the (peak
normalized) reference. When the TLMRI algorithm is executed using
the undersampled data, the objective function converges quickly over
the iterations as shown in Fig. 1. The initial zero-filling reconstruction

Sampling
2D Random
Cartesian

UF
4x
7x
4x
7x

Zero-filling
25.3
25.3
28.9
27.9

Sparse MRI
30.32
27.34
30.20
25.53

PBDWS
32.64
31.31
32.02
30.09

DLMRI
32.91
31.46
32.46
30.72

TLMRI
33.04
31.81
32.64
31.04

TABLE I
PSNR S CORRESPONDING TO THE Z ERO - FILLING , S PARSE MRI [2],
PBDWS [14], DLMRI [3], AND TLMRI RECONSTRUCTIONS , FOR
VARIOUS SAMPLING SCHEMES AND UNDERSAMPLING FACTORS (UF).
0.25

0.25

0.2

0.2

0.15

0.15

0.1

0.1

0.05

0.05

0

0

0.25

0.25

0.2

0.2

0.15

0.15

0.1

0.1

0.05

0.05

0

0

Fig. 2. Results for Cartesian sampling. Reconstruction error magnitudes at
7x undersampling for Sparse MRI [2] (top left), PBDWS [14] (top right),
DLMRI [3] (bottom left), and TLMRI (bottom right).

(Fig. 1) displays aliasing artifacts, and has a PSNR of only 28.94 dB.
On the other hand, the final TLMRI reconstruction is much enhanced,
with a PSNR of 32.66 dB. Since Algorithm A1 is guaranteed to
converge to the set of critical points of g(W, B, x), the result in
Fig. 1 suggests that, in practice, the set of critical points may include
images that are close to the true image. The learnt W (κ(W ) = 1.01)
for this case is shown in Fig. 1. This is a complex-valued transform.
Both the real and imaginary parts of W display texture or frequency
like structures, that sparsify the patches of the brain image.
C. Comparison to Other Methods
In the following experiments, we execute the TLMRI algorithm
for 25 iterations. We also use a lower sparsity level (< 0.034 × nN )
during the initial few iterations, which leads to faster convergence (all
other parameters set as in Section V-A). We consider the complexvalued reference in Fig. 1, and simulate variable density Cartesian
and 2D random undersampling [3] of k-space (2D DFT of peak
normalized reference), each at two different undersampling factors of
4x and 7x. In 2D random undersampling, k-space samples are chosen
randomly based on a probability density function on a 2D Cartesian
grid. This sampling scheme is feasible when data corresponding to
multiple image slices are jointly acquired, and the frequency encode
direction is chosen perpendicular to the image plane. Table I lists the
reconstruction PSNRs corresponding to the zero-filling, Sparse MRI,
PBDWS, DLMRI, and TLMRI methods for the various cases.
The TLMRI method is seen to provide the best PSNRs in Table I.
Significant improvements (up to 5.5 dB) are observed over the Sparse
MRI method that uses fixed sparsifying transforms, as well as (up
to 1 dB) over the partially adaptive PBDWS method. The TLMRI
reconstruction quality is (up to 0.35 dB) better than DLMRI despite
the latter using a 4 fold overcomplete (larger or richer) dictionary. Fig.
2 shows the reconstruction errors (i.e., the magnitude of the difference
between the magnitudes of the reconstructed and reference images)
for the various schemes for the case of Cartesian sampling. The error
map for TLMRI clearly indicates the smallest image distortions.
The average run times of the Sparse MRI, PBDWS, DLMRI, and
TLMRI algorithms in Table I are 251 seconds, 794 seconds, 2051 seconds, and 211 seconds, respectively. The PBDWS run time includes

the time for computing the initial SIDWT based reconstruction [14].
The TLMRI method is thus the fastest one, and provides a speedup of
about 10x and 4x respectively over the DLMRI and PBDWS methods.
VI. C ONCLUSIONS
We presented a sparsifying transform-based formulation for BCS
that exploits the (adaptive) transform domain sparsity of overlapping
image patches in 2D, or voxels in 3D. Our block coordinate descenttype algorithm for solving the proposed problem involves efficient
update steps. Importantly, this algorithm is guaranteed to converge
to the critical points of the highly nonconvex BCS objective. Our
experiments showed the promise of the proposed scheme for CS
MRI. For future work, we plan to extend our framework to learning
overcomplete sparsifying transforms [18] (by using other forms of the
regularizer Q(W ) in (P1)), which could potentially boost transformbased BCS performance further. Other extensions of transform-based
BCS using non-local means methodology [19] are also of interest.
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