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Abstract In recent years, sparse signal modeling, es-
pecially using the synthesis model has been popular.
Sparse coding in the synthesis model is however, NP-

hard. Recently, interest has turned to the sparsifying
transform model, for which sparse coding is cheap.
However, natural images typically contain diverse tex-

tures that cannot be sparsified well by a single trans-
form. Hence, in this work, we propose a union of spar-
sifying transforms model. Sparse coding in this model

reduces to a form of clustering. The proposed model
is also equivalent to a structured overcomplete sparsi-
fying transform model with block cosparsity, dubbed

OCTOBOS. The alternating algorithm introduced for
learning such transforms involves simple closed-form so-
lutions. A theoretical analysis provides a convergence

guarantee for this algorithm. It is shown to be glob-
ally convergent to the set of partial minimizers of the
non-convex learning problem. We also show that un-

der certain conditions, the algorithm converges to the
set of stationary points of the overall objective. When
applied to images, the algorithm learns a collection of

well-conditioned square transforms, and a good cluster-
ing of patches or textures. The resulting sparse repre-
sentations for the images are much better than those ob-

tained with a single learned transform, or with analyti-
cal transforms. We show the promising performance of
the proposed approach in image denoising, which com-
pares quite favorably with approaches involving a single
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learned square transform or an overcomplete synthesis
dictionary, or gaussian mixture models. The proposed
denoising method is also faster than the synthesis dic-

tionary based approach.
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1 Introduction

The sparsity of signals and images in a certain trans-

form domain or dictionary has been heavily exploited
in signal and image processing. It is well known that
natural signals and images have an essentially sparse

representation (few significant non-zero coefficients) in
analytical transform domains such as discrete cosine
transform (DCT) and Wavelets (Mallat, 1999). This

property has been used in designing various compres-
sion algorithms and in compression standards such as
JPEG2000 (Marcellin et al, 2000).

Well-known models for sparsity include the synthe-
sis, the analysis (Elad et al, 2007), and the transform
models (Pratt et al, 1969; Ravishankar and Bresler,

2013c). Each of these models can be used to gener-
ate sparse representations, or sparse codes for a sig-
nal. However, sparse coding in the transform model

is computationally much cheaper than in the other
models. Recent research has focused on adaptation of
sparse models to data (Aharon et al, 2006; Rubinstein

et al, 2012; Ravishankar and Bresler, 2012b, 2013c),
which turns out to be advantageous in applications. In
particular, the learning of transform models has been

shown to be much cheaper than synthesis, or analysis
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learning. Adaptive transforms also provide better sig-

nal/image reconstruction quality in applications (Rav-
ishankar and Bresler, 2013d,b; Pfister, 2013; Pfister and
Bresler, 2014).

In this work, we present a union of transforms
model, and show that it can represent the diverse fea-
tures, or textures seen in natural images much more

accurately than a single sparsifying transform. In appli-
cations, the learning of this model also turns out to be
more advantageous than prior (sparse) learning-based

approaches.
In the following, we discuss the various sparse mod-

els and their learning in more detail. The discussion

will highlight the various drawbacks of prior models.
Our own contributions are then discussed.

1.1 Sparse Models and their Learning

The synthesis model suggests that a real-world signal

y ∈ Rn satisfies y = Dx+ e with D ∈ Rn×m a synthe-
sis dictionary, x ∈ Rm sparse, and e an approximation
term in the signal domain (Bruckstein et al, 2009). We

say that x ∈ Rm is sparse if ∥x∥0 ≪ m, where the l0
quasi norm counts the number of non-zero entries in x.
When m = n and D is full rank, it forms a basis. When

m > n, the fat matrix D is said to be an overcomplete
dictionary.

Given a signal y and dictionary D, the well-known

synthesis sparse coding problem finds the sparse code x
that minimizes ∥y −Dx∥22 subject to ∥x∥0 ≤ s, where s
is the required sparsity level. This synthesis sparse cod-

ing problem is however, NP-hard (Non-deterministic
Polynomial-time hard) (Natarajan, 1995; Davis et al,
1997). Various algorithms (Pati et al, 1993; Mallat and

Zhang, 1993; Gorodnitsky et al, 1995; Harikumar and
Bresler, 1996; Chen et al, 1998; Efron et al, 2004; Dai
and Milenkovic, 2009) have been proposed to solve this

problem. While some of these algorithms are guaran-
teed to provide the correct solution under certain con-
ditions, these conditions are often violated in applica-

tions. Furthermore, these algorithms are typically com-
putationally expensive when used for large-scale prob-
lems in image processing and computer vision.

Adapting the synthesis model turns out to be advan-
tageous in applications. Learned synthesis dictionaries
have been demonstrated to be useful in applications

such as denoising, inpainting, deblurring, and demo-
saicing (Elad and Aharon, 2006; Mairal et al, 2008a;
Aharon and Elad, 2008; Mairal et al, 2008b). Addi-

tionally, inverse problems such as those in Tomography
(Liao and Sapiro, 2008), and magnetic resonance imag-
ing (MRI) (Ravishankar and Bresler, 2011a,b) benefit

from an adaptive synthesis model.

The synthesis dictionary learning problem has been

studied in many recent papers (Olshausen and Field,
1996; Engan et al, 1999; Aharon et al, 2006; Yaghoobi
et al, 2009). Given a matrix Y ∈ Rn×N whose columns

represent training signals, the problem of learning an
adaptive dictionary D that gives a sparse representa-
tion for the signals in Y can be formulated as follows

(Aharon et al, 2006).

(P0s) min
D,X

∥Y −DX∥2F s.t. ∥Xi∥0 ≤ s ∀ i

Here, the subscript i indexes the ith column of a ma-
trix. The columns of the matrix X ∈ Rm×N denote
the sparse codes of the columns (or, signals) of Y , and

s denotes the sparsity level allowed for each training
signal. Various algorithms have been proposed for syn-
thesis dictionary learning (Engan et al, 1999; Aharon

et al, 2006; Yaghoobi et al, 2009; Skretting and En-
gan, 2010; Mairal et al, 2010; Sahoo and Makur, 2013;
Smith and Elad, 2013; Sadeghi et al, 2013), that typi-

cally alternate between a sparse coding step (solving for,
or updating X), and a dictionary update step (solving
for D 1). Among these various algorithms, the K-SVD

method (Aharon et al, 2006) has been particularly pop-
ular and demonstrated to be useful in numerous appli-
cations such as denoising, inpainting, deblurring, and

MRI. However, since (P0s) is non-convex and NP-hard,
methods such as K-SVD 2 can get easily caught in local
minima, or saddle points (Rubinstein et al, 2010).

While the synthesis model has received enormous
attention, the analysis approach (Elad et al, 2007) has
also been gaining traction recently. The analysis model

suggests that a signal y ∈ Rn satisfies ∥Ωy∥0 ≪ m,
where Ω ∈ Rm×n is known as the analysis dictionary.
A more general noisy signal analysis model (Rubinstein

and Elad, 2011; Rubinstein et al, 2012) has also been
studied, where the signal y ∈ Rn is modeled as y = z+e
with Ωz ∈ Rm sparse, i.e., ∥Ωz∥0 ≪ m. Here, e is a

noise term that is assumed to be small in the signal
domain. Given the noisy signal y and analysis dictio-
nary Ω, the analysis sparse coding problem (Rubinstein

et al, 2012) finds z by minimizing ∥y − z∥22 subject to
∥Ωz∥0 ≤ m − l, where l is referred to as the cospar-
sity level (number of zeros) (Rubinstein et al, 2012).

This problem too is NP-hard and similarly to sparse
coding in the synthesis model, approximate algorithms
exist for analysis sparse coding (Chambolle, 2004; Ru-

binstein and Elad, 2011; Nam et al, 2011; Candès et al,
2011; Rubinstein et al, 2012; Liu et al, 2012; Yaghoobi

1 Some algorithms (e.g., K-SVD) also update the non-zero
coefficients of the sparse code X in the dictionary update
step.
2 In fact, the K-SVD method, although popular, does not

have any convergence guarantees.
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et al, 2012; Giryes et al, 2014). The learning of analy-

sis dictionaries has also been studied in several recent
papers (Peyré and Fadili, 2011; Yaghoobi et al, 2011;
Ophir et al, 2011; Rubinstein and Elad, 2011; Chen

et al, 2012a; Rubinstein et al, 2012; Hawe et al, 2013;
Yaghoobi et al, 2013). The analysis learning problems
are typically non-convex and NP-hard, and the various

learning algorithms tend to be computationally expen-
sive.

Very recently (Ravishankar and Bresler, 2013c), a
generalized analysis model called the transform model
has been studied, which suggests that a signal y ∈ Rn

is approximately sparsifiable using a transform W ∈
Rm×n, that is, Wy = x+e, where x ∈ Rm is sparse, i.e.,
∥x∥0 ≪ m. Here, e is the approximation error, which is

assumed to be small. The distinguishing feature from
the synthesis and from the noisy analysis models, is that
this approximation error is in the transform rather than
in the signal domain.

When m = n, the transform W ∈ Rn×n is called
a square transform. On the other hand, for m > n,

the transform is called a tall or overcomplete trans-
form. Various analytical transforms are known to ap-
proximately sparsify natural signals, such as the dis-

crete cosine transform (DCT), Wavelets (Mallat, 1999),
Ridgelets (Candès and Donoho, 1999), Contourlets
(Do and Vetterli, 2005), and Curvelets (Candès and

Donoho, 1999). The transform model has been shown
to be more general than both the analysis and the
noisy signal analysis models (Ravishankar and Bresler,

2013c).

When a sparsifying transform W is known for the

signal y, transform sparse coding finds a sparse code
x of sparsity s by minimizing the sparsification error
∥Wy − x∥22 subject to ∥x∥0 ≤ s. This problem is easy

and its solution is obtained exactly by zeroing out all
but the s coefficients of largest magnitude in the vector
Wy. In contrast, sparse coding with synthesis or anal-

ysis dictionaries involves solving NP-hard problems ap-
proximately. Given W and sparse code x, one can also
recover a least squares estimate of the signal y by min-

imizing the residual ∥Wy − x∥22 over y. The recovered
signal is W †x, with W † denoting the pseudo-inverse of
W .

Adapting the transform to data provides advantages
in many applications (Ravishankar and Bresler, 2013c,

2012a, 2013b,d; Pfister, 2013; Pfister and Bresler, 2014).
Learnt transforms provide better signal/image repre-
sentations than analytical transforms such as the DCT

or Wavelets. Moreover, compared to the synthesis and
analysis models, the transform model allows for ex-
act and extremely fast computations. Transform learn-

ing formulations also do not involve highly non-convex

functions involving the product of multiple unknown

matrices (such as in Problem (P0s)). Thus, in spite of
its apparent similarity to the analysis and the noisy
analysis model, the transform model enjoys important

advantages over the noisy analysis or synthesis models,
whether as a fixed or data-driven, adaptive model.

A drawback of the current transform learning prob-

lems and algorithms is that they are restricted to the
case of square transforms. For natural images with
highly complicated structures, a single learned square

transform may not provide sufficient sparsification.

1.2 Our Contributions

1.2.1 Structured Overcomplete Transform Model

We investigate a union of square sparsifying transforms
model in this work. In this model, we consider a collec-

tion (union) of square transforms {Wi}Ki=1. A candidate
signal is said to match (or, belong to) a particular trans-
form in the collection if that transform provides the best

sparsification for the signal among all the transforms in
the collection.

A motivation for the proposed model is that natural
signals and images (even if they belong to a single class
such as MRI images, music signals, etc.) need not be

sufficiently sparsifiable by a single transform. For ex-
ample, image patches from different regions of a natu-
ral image usually contain different features, or textures.

Thus, having a union of transforms would allow groups
of patches with common features (or, textures) to be
better sparsfied by their own texture-specific transform.

We will show that this union of square transforms
model can be interpreted as an overcomplete sparsify-
ing transform model with an additional constraint of

block cosparsity for the transform sparse code. Here,
the overcomplete transform is formed by stacking the
transforms in {Wi}Ki=1 on top of each other. For the

sake of brevity, we will also refer to our OverComplete
TransfOrm model with BlOck coSparsity constraint as
the OCTOBOS model. In the remainder of this paper,

we will use the terms ‘union of transforms’, or ‘OCTO-
BOS’ interchangeably, depending on the context.

1.2.2 Highlights

We enumerate some important features of our work as
follows.

(i) Sparse coding in the proposed OCTOBOS model
reduces to a form of clustering and is computa-

tionally inexpensive.
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(ii) In this work, we propose a novel problem for-

mulation and algorithm for learning structured
overcomplete sparsifying transforms with block
cosparsity constraint. Our algorithm is an alter-

nating minimization algorithm, and each step of
the algorithm involves simple (computationally
cheap) closed-form solutions.

(iii) We present a novel convergence guarantee for the
proposed alternating OCTOBOS learning algo-
rithm. We prove global convergence (i.e., conver-

gence from any initialization) of the algorithm to
the set of partial minimizers of the objective defin-
ing the problem formulation. We also show that

under certain conditions, the algorithm converges
to the set of stationary points of the overall ob-
jective.

(iv) Our adapted OCTOBOS model provides a better
sparse representation of images than adaptive sin-
gle square transforms and analytical transforms
such as the DCT.

(v) We present an adaptive image denoising formu-
lation and algorithm exploiting the OCTOBOS
model in this work. The denoising performance

of the proposed approach is better than that ob-
tained using adaptive square transforms, or adap-
tive overcomplete synthesis dictionaries (K-SVD).

Our denoising scheme also performs better than
the well-known Gaussian Mixture Model (GMM)
approach (Zoran and Weiss, 2011), and is com-

parable to the state-of-the-art BM3D denoising
(Dabov et al, 2007) in some cases.

1.2.3 Related Work

A model similar to the union of transforms, but involv-
ing instead a union of orthogonal synthesis dictiionar-

ies (PCAs) has been recently used by Peleg and Elad
(2014) for the task of single image super-resolution.
Also, for the specific task of super-resolution, Wang

et al (2012) learn a union of coupled synthesis dictio-
naries.

The learning of a union of synthesis dictionar-
ies with the main goal of unsupervised classification

has been previously proposed in a number of works
(Ramirez et al, 2010; Kong and Wang, 2012; Chen et al,
2012b). The learning of structured synthesis dictionary

models (with block, or group sparsity) for tasks such as
classification has also been explored (Sprechmann et al,
2012a,b; Zelnik-Manor et al, 2012; Chi et al, 2013).

Similar to prior work on dictionary learning, these
various formulations tend to be highly non-convex, and
these approaches suffers from the high computational

cost associated with sparse coding in the synthesis

model. In contrast, eliminating the NP hard sparse

coding or its approximation, our proposed OCTOBOS
learning scheme has a low computational cost.

In this work, we only briefly discuss the possibil-
ity of classification (or, segmentation) using our pro-
posed transform learning scheme. Indeed, the classifi-

cation application is not the focus of this work, and
a detailed study of this application will be considered
for future work. Instead, to illustrate the usefulness of

the learned union of transforms/OCTOBOS model, we
focus in this work on applications such as image repre-
sentation and denoising. We also provide convergence

guarantees for OCTOBOS learning. Such guarantees
are not available for the methods that learn a union of
synthesis dictionaries, or block-sparse synthesis models.

1.2.4 Organization

The proposed union of square transforms model and
its various alternative interpretations are described in

Section 2. Section 2 also discusses the prior work on
(single) square transform learning and introduces our
newly proposed learning formulation. In Section 3, we

describe our algorithm for learning the proposed struc-
tured overcomplete sparsifying transform, and discuss
the algorithm’s computational properties. In Section 4,

we provide a convergence analysis for our transform
learning algorithm. The application of our transform
learning framework to image denoising is discussed in

Section 5. We then present experimental results demon-
strating the convergence behavior, and promising per-
formance of our proposed approach in Section 6. In Sec-
tion 7, we conclude with proposals for future work.

2 OCTOBOS model and learning formulation

2.1 The Union of Transforms Model

The square sparsifying transform model has been in-
vestigated (Ravishankar and Bresler, 2013c) recently.

Here, we extend the single square transform model
to a union of transforms model, which suggests that
a signal y ∈ Rn is approximately sparsifiable by a

particular transform in the collection {Wk}Kk=1, where
Wk ∈ Rn×n ∀ k are themselves square transforms. Thus,
there exists a particular Wk such that Wky = x + e,

with x ∈ Rn sparse, and a transform residual e that is
sufficiently small.

Given a signal y ∈ Rn, and a union (or, collec-
tion) of square transforms {Wk}Kk=1, we need to find
the best matching transform (or, model) for the signal,

that gives the smallest sparsification error. This can be



Structured Overcomplete Sparsifying Transform Learning with Convergence Guarantees and Applications 5

formulated as the following sparse coding problem:

(P1) min
1≤k≤K

min
zk

∥∥Wky − zk
∥∥2
2

s.t.
∥∥zk∥∥

0
≤ s ∀ k

Here, zk denotes the sparse representation of y in the
transformWk, with the maximum allowed sparsity level

being s. We assume that the Wk’s are all identically
scaled in (P1). Otherwise, they can be rescaled (for
example, to unit spectral or Frobenius norm) prior to

solving (P1).

In order to solve (P1), we first find the optimal
sparse code ẑk for each 3 k as ẑk = Hs(Wky), where

the operator Hs(·) is the projector onto the s-ℓ0 ball,
i.e., Hs(b) zeros out all but the s elements of largest
magnitude in b ∈ Rn. If there is more than one choice

for the s coefficients of largest magnitude in a vector b,
which can occur when multiple entries in b have identi-
cal magnitude, then we choose Hs(b) as the projection

of b for which the indices of the s largest magnitude el-
ements in b are the lowest possible. Now, Problem (P1)
reduces to

min
1≤k≤K

∥Wky −Hs(Wky)∥22 (1)

To solve the above problem, we compute the sparsifi-
cation error (using the optimal sparse code above) for

each k and choose the best transformWk̂ as the one that
provides the smallest sparsfication error (among all the
Wk’s). This is an exact solution technique for Problem

(P1). Problem (P1) then also provides us with an op-

timal sparse code ẑk̂ = Hs(Wk̂y) for y. Given such a

sparse code, one can also recover a signal estimate by

minimizing
∥∥∥Wk̂y − ẑk̂

∥∥∥2
2
over all y ∈ Rn. The recov-

ered signal is then given by ŷ = W−1

k̂
ẑk̂.

Since Problem (P1) matches a given signal y to
a particular transform, it can be potentially used to

cluster a collection of signals according to their trans-
form models. The sparsification error term in (1) can
be viewed as a clustering measure in this setting. This

interpretation of (P1) indicates the possible usefulness
of the union of transforms model in applications such
as classification.

2.2 The Overcomplete Transform Model Interpretation

We now propose an interpretation of the union of trans-
forms model as a structured overcomplete transform

model (or, the OCTOBOS model). The ‘equivalent’

3 For each k, this is identical to the single transform sparse
coding problem.

overcomplete transform is obtained from the union of

transforms by stacking the square sub-transforms as

W =
[
WT

1 | WT
2 | ... | WT

K

]T
. The tall matrix W ∈

Rm×n, with m = Kn, and thus, m > n (overcomplete

transform) for K > 1.
The signal y is assumed to obey the modelWy = x+

e, where the x ∈ Rm is assumed to be “block cosparse”,

and e is a small residual. The block cosparsity of x is
defined here using the following ℓ0-type norm:

∥x∥0,s =
K∑

k=1

I(
∥∥xk

∥∥
0
≤ s) (2)

Here, xk ∈ Rn is the block of x corresponding to the
transform Wk in the tall W , and s is a given sparsity

level (equivalently n − s is the given cosparsity level)
for block xk. The operator I(·) above is an indicator
function with I(Q) = 1 when statement Q is true, and

I(Q) = 0 otherwise. We say that x is 1-block cosparse if
there is exactly one block of x with at least n− s zeros,
i.e., ∥x∥0,s = 1 in this case.

In the proposed overcomplete transform model for

signal y, we formulate the following sparse coding prob-
lem, to which we refer as the OCTOBOS sparse coding
problem.

(P2) min
x

∥Wy − x∥22 s.t. ∥x∥0,s ≥ 1

Problem (P2) finds an x with at least one block that
has ≥ n− s zeros. In particular, we now prove the fol-
lowing proposition, that the Problems (P1) and (P2)

are equivalent. This equivalence is the basis for the in-
terpretation of the union of transforms model as an
overcomplete transform model.

Proposition 1 The minimum values of the sparsifi-
cation errors in Problems (P1) and (P2) are identi-
cal. The optimal sparse code(s) in (P1) is equal to the

block(s) of the optimal x̂ in (P2) satisfying
∥∥x̂k

∥∥
0
≤ s.

Proof : The objective in (P2) is
∑K

k=1

∥∥Wky − xk
∥∥2
2
.

The constraint in (P2) calls for
∥∥xk

∥∥
0
≤ s for at least

one k. Assume without loss of generality that in the
optimal solution x̂ of (P2), the blocks x̂k satisfying the
constraint

∥∥x̂k
∥∥
0

≤ s have indices 1, ..., J (for some

J ≥ 1). Otherwise, we can always trivially permute the
blocks x̂k in x̂ (and the corresponding Wk in W ) so that
the optimal indices are 1, ..., J . Now, for fixed optimal

block indices, Problem (P2) reduces to the following
Problem.

min
{xk}

K∑
k=1

∥∥Wky − xk
∥∥2
2

(3)

s.t.
∥∥xk

∥∥
0
≤ s, for k = 1, ..., J
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Here, the notation
{
xk

}
denotes the set of xk for

1 ≤ k ≤ K 4. Since the blocks with indices k > J
are not selected by the sparsity constraint, for k > J
the optimal x̂k = Wky, because this setting results

in a zero (minimal) contribution to the objective (3)
above. Problem (3) then decouples into J independent
(square) transform sparse coding problems. It is then

obvious that the minimum in (3) is achieved with J = 1
(minimum possible J), i.e., we only choose one block as
x̂k = Hs(Wky), and all other blocks satisfy x̂k = Wky.

This setting leads to a zero contribution to the objective
of (3) for all but one block. The chosen active block is
the one that provides the smallest (minimizes (3)) indi-

vidual sparsification error. It is now obvious (by directly
comparing to the sparse coding algorithm for (P1)) that
the proposition is true.

Note that if ∥Wky∥0 ≤ s holds for one or more k,
then the optimal x̂ = Wy in (P2). Only in this degener-
ate case, it is possible for the optimal x̂ in (P2) to have

more than one block that is s-sparse (i.e., ∥x̂∥0,s > 1
occurs if ∥Wky∥0 ≤ s for two or more k). In this case,
the optimal sparse code in (P1) can be set to be equal

to any of the optimal s-sparse blocks in x̂ = Wy. The
minimum sparsification error is zero for both (P1) and
(P2) in this degenerate case. �

The optimal x̂ in (P2) by itself cannot be called a

sparse code, since (based on the proof of Proposition
1) it typically has many more non-zeros than zeros 5.
However, the particular s-sparse block(s) of x̂ can be

considered as a sparse code, and one could also recover
a signal estimate from this code similar to the union of
transforms case 6. Note that the many non-zeros in x̂

help keep the overcomplete transform residual small.

The OCTOBOS model enforces a block cosparsity

constraint. Alternatively, one could consider the model
Wy = x + e with a tall transform W ∈ RKn×n, but
without any block cosparsity constraint on x, and as-

suming that x has at least n − s zeros, i.e., ∥x∥0 ≤
(K−1)n+s. The sparse coding in this model would be
identical to thresholding (zeroing out the n−s elements

of smallest magnitude of) Wy. However, it is unclear
how to easily combine the non-zeros and zeros to form

4 In the remainder of the paper, when certain indexed vari-
ables are enclosed within braces, it means that we are con-
sidering the set of variables over the range of all the indices.
5 For example, when vector Wy has no zeros, then the op-

timal x̂ in (P2) has exactly n − s ≪ Kn (for large K) zeros
– all the zeros are concentrated in a single block of x̂.
6 More precisely, the index of the sparse block is also part

of the sparse code. This adds just log2 K bits per index to
the sparse code.

a length n sparse code 7. Therefore, we do not pursue

this case (non-block cosparse model) in this work.

2.3 An OCTOBOS Optimality Property

Here, we consider two data matrices Y1 ∈ Rn×N and
Y2 ∈ Rn×M (columns of the matrices represent signals),

each of which is sparsified by a different square trans-
form. We provide a condition under which using just
one of the two transforms for both Y1 and Y2 will in-

crease the total sparsification error (computed over all
signals in Y1 and Y2). Thus, when the proposed con-
dition holds, the union of transforms provides a better

model for the collection of data compared to any one
transform.

The proposed condition is based on the spark prop-

erty (Donoho and Elad, 2003). For a matrix A ∈ Rn×r,
the spark is defined to be the minimum number of
columns of A that are linearly dependant.

Proposition 2 Given two sets of data Y1 ∈ Rn×N and
Y2 ∈ Rn×M , suppose there exist non-identical and non-
singular square transforms W1,W2 ∈ Rn×n, that ex-

actly sparsify the datasets as W1Y = X1 and W2Y2 =
X2, where the columns of both X1 and X2 have sparsity
≤ s. If spark

[
W−1

1 | W−1
2

]
> 2s, then the columns of

W2Y1 have sparsity > s.

Proof : Consider an arbitrary column, say the ith one,
of Y1, which we denote as z. Let α1

i = W1z. We then

have that
∥∥α1

i

∥∥
0
≤ s. Let us denote W2z by α2

i . We
then have that[
W−1

1 | W−1
2

] [ α1
i

−α2
i

]
= Bαi = 0 (4)

where B =
[
W−1

1 | W−1
2

]
, and αi is the vertical con-

catenation of α1
i and −α2

i . Now, if matrix B has spark
> 2s, then the linear combination of any ≤ 2s of
its columns cannot equal zero. Therefore, under the

spark assumption, we must have ∥αi∥0 > 2s. Since,∥∥α1
i

∥∥
0
≤ s, we must then have

∥∥α2
i

∥∥
0
> s, under the

spark assumption. �

If the spark condition above holds, then the sparsifi-
cation errors of the columns of Y in W2 (using sparsity
level s) are strictly positive. We can also derive an al-

ternative condition that involves the mutual coherence
of B =

[
W−1

1 | W−1
2

]
. The mutual coherence of the

matrix B (Bruckstein et al, 2009) is defined as follows.

µ(B) = max
1≤k,j≤m,k ̸=j

∣∣BT
k Bj

∣∣
∥Bk∥2 · ∥Bj∥2

(5)

7 We need a length n code in a square and invertible sub-
transform of W , in order to perform signal recovery uniquely.
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Unlike the spark, the mutual coherence is easy to com-

pute, and characterizes the dependance between the
columns (indexed by the subscripts j and k in (5)) of
matrix B. It is known that the spark and mutual coher-

ence of a matrix B are related as follows (Bruckstein
et al, 2009).

spark(B) ≥ 1 +
1

µ(B)
(6)

Therefore, in Proposition 2, the spark condition can

be replaced by the following (more stringent) sufficient
condition involving the mutual coherence of B.

µ(B) <
1

2s− 1
(7)

If the above condition holds, then by equation (6), the

spark condition of Proposition 2 automatically holds,
and thus we will have that the columns of W2Y1 have
sparsity > s.

The spark-based sufficient condition in Proposition
2 can be interpreted as a similarity measure between
the models W1 and W2. In the extreme case, when

W1 = W2, the aforementioned matrix B has minimum
possible spark (= 2). In broad terms, if W1 and W2 are
sufficiently different, as measured by the spark condi-

tion in Proposition 2, or the coherence condition in (7),
then the union of transforms model, or OCTOBOS pro-
vides a better model than either one of the transforms

alone.
The difference between W1 and W2 as measured by

the spark, or coherence conditions is invariant to cer-

tain transformations. In particular, ifW1 is an exact full

rank sparsifier of matrix Y1, then one can also obtain
equivalent transforms by permuting the rows of W1,
or by pre-multiplying W1 with a diagonal matrix with

non-zero diagonal entries. All these equivalent trans-
forms sparsify Y1 equally (i.e., provide the same spar-
sity level of s) well. It is easy to see that if the condition

spark
[
W−1

1 | W−1
2

]
> 2s (or, alternatively, the mutual

coherence-based condition) holds with respect to a par-
ticular W1 and W2 in Proposition 2, then it also au-

tomatically holds with respect to any other equivalent
W1 and equivalent W2.

2.4 Square Transform Learning

Consider a training data matrix Y ∈ Rn×N whose
columns are the given training signals, and a sparse
code matrix X ∈ Rn×N whose columns are the sparse

representations (or, sparse codes) of the corresponding
columns of Y in a sparsifying transform W ∈ Rn×n.
Previous work (Ravishankar and Bresler, 2013c) pro-

posed to learn a (single) square sparsifying transform

W and sparse code X that minimize the sparsification

error given by ∥WY −X∥2F . The sparsification error is
the modeling error in the transform model, and hence
we minimize it in order to learn the best possible trans-

form model. Analytical transforms such as the Wavelets
and DCT are known to provide low sparsification errors
for natural images. The single square transform learn-

ing problem was proposed as follows

(P3) min
W,X

∥WY −X∥2F + λQ(W )

s.t. ∥Xi∥0 ≤ s ∀ i

where Q(W ) = − log |detW | + ∥W∥2F . Here, the sub-

script i denotes the ith column of the sparse code matrix
X. Problem (P3) has Q(W ) 8 as an additional regular-
izer in the objective to prevent trivial solutions. The

log determinant penalty enforces full rank on W and
eliminates degenerate solutions such as those with zero,
or repeated rows. The ∥W∥2F penalty helps remove a

‘scale ambiguity in the solution (the scale ambiguity oc-
curs when the data admits an exactly sparse represen-
tation). Together, the log determinant and Frobenius

norm penalty terms help control the condition num-
ber of the learnt transform. Badly conditioned trans-
forms typically convey little information and may de-

grade performance in applications.

It was shown (Ravishankar and Bresler, 2013c) that
the condition number κ(W ) can be upper bounded by
a monotonically increasing function of Q(W ). Hence,

minimizing Q(W ) encourages reduction of condition
number. Given a normalized transform W and a scalar
a ∈ R, Q(aW ) → ∞ as the scaling a → 0 or a → ∞.

Thus, Q(W ) also penalizes bad scalings. Furthermore,
when λ → ∞ in (P3), the condition number of the op-
timal transform(s) tends to 1, and the spectral norm

(or, scaling) tends to 1/
√
2.

We set λ = λ0 ∥Y ∥2F in (P3), where λ0 is a constant.
This setting makes Problem (P3) invariant to the scal-

ing of the data Y as follows. When the data Y is re-
placed with aY (a ∈ R, a ̸= 0) in (P3), we can set X =
aX ′. Then, the objective function for this case becomes

a2
(
∥WY −X ′∥2F + λ0 ∥Y ∥2F Q(W )

)
. Since, this is just

a scaled version of the objective in (P3), the minimiza-
tion of it over (W,X ′) (with sparse X ′) yields the same
solution as (P3). Thus, the learnt transform for data aY

is the same as for Y , while the the learnt sparse code
for aY is a times that for Y . This makes sense since
the sparsifying transform for a dataset is not expected

to change, when the data is trivially scaled. Thus, the

8 The weights on the log-determinant and Frobenius norm
terms are set to the same value in this paper.
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setting λ = λ0 ∥Y ∥2F achieves scale invariance for the

solution of (P3) 9.

2.5 OCTOBOS Learning Formulations and Properties

2.5.1 Problem Formulations

Similar to the square sparsifying transform learning
problem, we propose the following OCTOBOS learn-

ing formulation that learns a tall sparsifying transform
W ∈ RKn×n and sparse code matrix X ∈ RKn×N from
training data Y ∈ Rn×N .

(P4) min
W,X

∥WY −X∥2F +Q′(W )

s.t. ∥Xi∥0,s ≥ 1 ∀ i

Here, ∥Xi∥0,s is defined as in equation (2). The function

Q′(W ) is defined as follows.

Q′(W ) =
K∑

k=1

λkQ(Wk) (8)

The regularizer Q′(W ) controls the condition number
of the sub-blocks of W , and λk are positive weights.

One can also formulate the transform learning prob-

lem in the union of transforms model as follows.

(P5) min
{Wk,Xi,Ck}

K∑
k=1

{∑
i∈Ck

∥WkYi −Xi∥22 + λkQ(Wk)

}
s.t. ∥Xi∥0 ≤ s ∀ i, {Ck} ∈ G

Here, Xi ∈ Rn×n and the set {Ck}Kk=1 indicates a clus-

tering of the training signals {Yi}Ni=1. The cluster Ck

contains the indices i corresponding to the signals Yi

in the kth cluster. The signals in the kth cluster are

matched to transform Wk. The set G is the set of all
possible partitions of the set of integers [1 : N ] ,
{1, 2, ..., N}, or in other words, G is the set of all pos-

sible {Ck}, and is defined as follows.

G =

{
{Ck} :

K∪
k=1

Ck = [1 : N ], Cj

∩
Ck = ∅, ∀ j ̸= k

}
The constraint involving G thus enforces the various Ck

in {Ck}Kk=1 to be disjoint, and their union to contain
the indices for all training signals. Note that the term∑K

k=1

∑
i∈Ck

∥WkYi −Xi∥22 in (P5) is the sparsification

error for the data Y in the union of transforms model.
The weights λk is (P4) and (P5) are chosen as

λk = λ0 ∥YCk
∥2F , where YCk

is a matrix whose columns

9 On the other hand, if λ is a fixed constant, there is no
guarantee that the optimal transforms for scaled and un-
scaled Y in (P3) are related.

are the signals of Y in the kth cluster. The rationale

for this choice of λk is similar to that presented earlier
for the λ weight in (P3). Specifically, when the clusters
{Ck}Kk=1 are fixed to their optimal values in (P5), the

optimization problem (P5) reduces to K square trans-
form learning problems of the form of (P3), each in-
volving a particular data matrix YCk

. Thus, the setting

λk = λ0 ∥YCk
∥2F achieves scale invariance for the so-

lutions of these K problems. The setting also implies
that λk itself is a function of the unknown Ck (function

of the signal energy in cluster Ck) in the optimization
problem (P5). When the {Wk} are fixed, the Q′(W )
penalty in (P5) encourages a larger concentration of

data energy (∥YCk
∥2F ) in the cluster corresponding to a

smaller Q(Wk) (i.e., corresponding to smaller condition
number and reasonable scaling).

2.5.2 Properties of Formulations (P4) and (P5)

The following result implies that the learning Problems
(P4) and (P5) are equivalent.

Proposition 3 The minimum values of the objectives

in Problems (P4) and (P5) are identical. Moreover, any
optimal union of transforms in (P5) can be vertically
concatenated to form an optimal overcomplete W for

(P4). Similarly, any optimal W in (P4) can be used to
generate an optimal union of transforms for (P5).

Proof : Let {Wk, Ck, XCk
} be a global minimizer of

(P5). Then, we can form an equivalent overcomplete
W by vertically stacking the Wk’s. Moreover, we can
form/construct a tall sparse code matrix X ′ ∈ RKn×n

by letting each column X ′
i be equal to Xi on one block

(according to the clustering Ck), and equal to WkYi on
the other blocks. The constructed (W,X ′) is feasible for

(P4), and provides a value for the (P4) objective that is
equal to the minimum objective value attained in (P5).
Thus, the minimum objective value in (P4) can only be

lower than the minimum value in (P5).
Similarly, given an optimal minimizer (W,X) for

(P4), we can form {Wk} as the blocks of W . The {Ck}
and {Xi} parts of (P5) can also be constructed from
X using Proposition 1. The constructed {Wk}, {Ck},
{Xi} is feasible for (P5), and provides a value for the

(P5) objective that is clearly equal to the minimum ob-
jective value obtained in (P4). Since, the minimum in
(P5) is computed over all feasible {Wk}, {Ck}, {Xi}, it
can be only lower than the minimum objective value in
(P4).

By the preceding arguments, it is clear that the min-

imum values of the objectives in (P4) and (P5) must in
fact, be identical. The rest of the proposition also fol-
lows from the above arguments and construction tech-

niques. �
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Although (P4) and (P5) are equivalent, Problem

(P5) is more intuitive and amenable to alternating op-
timization schemes (see Section 3 for such a scheme).
If we were to alternate between updating X and W in

(P4), we would not be able to directly maintain (with-
out additional constraints) the property that the trans-
form domain residual for each Yi is zero in all but (at

most) one block of W , during the update of W . This is
not a problem for (P5), since its objective only consid-
ers the residual of each Yi in one (best) block.

The following result indicates that the minimum ob-
jective in the union of transforms Problem (P5) is al-
ways lower than the minimum objective value in the sin-

gle transform learning problem (P3). This means that
either the optimal sparsification error in (P5) is lower
than the corresponding value in (P3), or the optimal

regularizer (that controls the condition number(s) of
the transform block(s)) in (P5) is smaller than the cor-
responding value in (P3), or both of these conditions
hold.

Proposition 4 The minimum value of the objective in

(P5) can only be lower than the minimum objective
value in (P3).

Proof : Let (Ŵ , X̂) denote an optimal minimizer of

(P3), i.e., it provides the minimum value of the ob-
jective of (P3). Now, in (P5), we can set Wk = Ŵ ∀ k,
and Xi = X̂i ∀ i in the objective. For this setting, the

objective in (P5) becomes identical (using the fact that∑K
k=1 λk = λ) to the minimum value of the objective

in (P3). This result is invariant to the specific choice

of the Ck’s. Now, since the minimum value of the ob-
jective in (P5) is attained over all feasible {Wk}, {Xi},
{Ck}, it can only be lower (≤) than the value obtained

with the specific settings above. �

We will empirically illustrate in Section 6 that our algo-
rithm for (P5) (discussed in Section 3) provides a lower

value of both the objective and sparsification error com-
pared to the algorithm for (P3).

It was shown by Ravishankar and Bresler (2013c)

that the objective of Problem (P3) is lower bounded.
The following lemma confirms that the objectives of the
proposed learning formulations are lower bounded too.

Lemma 1 The objectives in Problems (P4) and (P5)

are both lower bounded by λQ0 = λ0 Q0 ∥Y ∥2F , where
Q0 = n

2 + n
2 log(2).

Proof : The objectives in (P4) and (P5) are the sum-

mation of a sparisfication error term (net error over
all signals) and a Q′(W ) =

∑K
k=1 λkQ(Wk) regularizer

term. The sparsification error term is lower bounded

by 0. Each Q(Wk) regularizer is bounded as Q(Wk) ≥

Q0 = n
2 +

n
2 log(2) (cf. Ravishankar and Bresler (2013c)

for proof of this). Thus, Q′(W ) ≥ Q0

∑K
k=1 λk =

λ0 Q0 ∥Y ∥2F , where we used the setting λk = λ0 ∥YCk
∥2F .

Thus, the objectives in (P4) and (P5) are both lower
bounded by λQ0 = λ0 Q0 ∥Y ∥2F . �

We use the preceding lemma to prove the follow-
ing proposition, which pertains to the identifiability of

good models (models that sparsify well and are well-
conditioned) by our Problem (P5). Proposition 5 also
pertains to the case when the lower bounds in Lemma

1 are achievable.

Proposition 5 Given a training data matrix Y ∈
Rn×N , let {YCk

} be a collection of data matrices formed
according to a clustering rule {Ck}. Suppose that {Wk}
is a collection of unit conditioned square transform

models, each with spectral norm 1/
√
2 10, that exactly

sparsifies the clustered data {YCk
} as WkYCk

= XCk

∀ k, with each XCk
having s-sparse columns. Then, the

set {Wk, Ck, XCk
} is a global minimizer of (P5), i.e.,

the underlying model is identifiable by solving (P5).

Proof : The objective in (P5) is the summation of
a sparisfication error term and a Q′(W ) regularizer
term. Since, {Wk} exactly sparsify the clustered data

{YCk
}, the sparsification error in (P5) is zero (min-

imum) at the given {Wk, Ck, XCk
}. The regularizer

term Q′(W ) =
∑K

k=1 λkQ(Wk) only depends on the

{Wk}. It was shown by Ravishankar and Bresler (2013c)
that Q(Wk) ≥ Q0, with equality if and only if Wk is
unit conditioned, and the singular values of Wk are all

equal to
√

1
2 . Since, each Wk considered here achieves

Q(Wk) = Q0, we have that the regularizer Q′(W ) at-

tains its lower bound λQ0 = λ0 Q0 ∥Y ∥2F mentioned
in Lemma 1, for the considered {Wk}. Thus, we have
shown that the objective in (P5) attains its lower bound

for the given {Wk, Ck, XCk
}. In other words, the ob-

jective attains its global minimum in this case. �

Thus, when an “error-free” union of transforms
model exists for the data, and the transforms are all
unit conditioned, Proposition 5 guarantees that such

a union of transforms model is a global minimizer of
the proposed Problem (P5). Therefore, it makes sense
to solve (P5) in order to find such good OCTOBOS

models.
We now show that the role of the λ0 weight in

(P5) is to control the condition number and scaling

of the transform blocks Wk (1 ≤ k ≤ K). If we
were to minimize only the Q̂(W ) = Q′(W )/λ0 =∑K

k=1 ∥YCk
∥2F Q(Wk) regularizer in Problem (P5) with

10 If the transforms have a different spectral norm, they can
be trivially scaled to have spectral norm 1/

√
2.
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respect to the unknowns, then the minimum value

would be Q0 ∥Y ∥2F according to Lemma 1. This min-
imum is achieved with Wk’s that are unit conditioned,
and with spectral norm of 1/

√
2 (i.e., transforms with

identical scaling). Thus, similar to Corollary 2 in (Rav-
ishankar and Bresler, 2013c), we have that as λ0 → ∞
in (P5), the condition number of the optimal transforms

in (P5) tends to 1, and their spectral norm (scaling)
tends to 1/

√
2 . Therefore, as λ0 → ∞, our formulation

(P5) approaches a union of unit-conditioned transforms

learning problem. We also empirically show in Section
6 that when λ0 is properly chosen (but finite), the con-
dition numbers and norms of the learnt Wk’s in (P5)

are very similar. Note that we need the Wk’s to be sim-
ilarly scaled for the sparsification error in (P5) to be
fully meaningful (since otherwise, a certain Wk with a

very small scaling can trivially give the best sparsifica-
tion error for a signal).

Another interesting fact about OCTOBOS learning
is that both (P4) and (P5) admit an equivalence class
of solutions similar to (P3). For example, one can per-

mute the rows within an optimal blockWk (along with a
permuation of the corresponding sparse codes), or pre-
multiply Wk by a diagonal ±1 sign matrix (and multi-

ply the sparse codes accordingly), without affecting its
optimality. In (P4), one can also permute the blocksWk

within an optimalW (and correspondingly permute the
sparse codes) to produce equivalent optimal solutions.

We note that in spite of sharing the common theme

of a mixture of models, our OCTOBOS model and
learning formulation are quite different from the Gaus-
sian Mixture Model (GMM) approach of Zoran and

Weiss (2011), and Yu et al (2012). In the GMM-based
models, the signal can be thought of (cf. Zoran and
Weiss (2011)) as approximated by a linear combination
of a few (orthonormal) eigenvectors of the covariance

matrix of the mixture component to which it belongs.
In contrast, in the OCTOBOS approach, the transform
blocks Wk (equivalently, the class-conditional square

sparsifying transforms) are not eigenvectors of some co-
variance matrices. Instead they are directly optimized
(via (P5)) for transform-domain sparsity of the train-

ing data. Our OCTOBOS learning also enforces well-
conditioning rather than exact orthonormality of the
transform blocks. These features distinguish our OC-

TOBOS framework from the GMM-based approach.

3 Transform Learning Algorithm and
Properties

3.1 Algorithm

We propose an alternating algorithm to solve the joint

minimization Problem (P5). In one step of our proposed

algorithm called the sparse coding and clustering step,

we solve for {Ck}, {Xi} with fixed {Wk} in (P5). In the
other step of the algorithm called the transform update
step, we solve for the transforms {Wk} in (P5) with

fixed sparse codes.

3.1.1 Sparse Coding and Clustering

Given the training matrix Y , and fixed transforms
{Wk} (or, the equivalent overcompleteW ), we solve the
following Problem (P6) (which is just (P5) with fixed

transforms) to determine the sparse codes and clusters.
As before, the clusters are disjoint and every training
signal belongs to exactly one cluster.

(P6) min
{Ck},{Xi}

K∑
k=1

∑
i∈Ck

{
∥WkYi −Xi∥22 + ηk ∥Yi∥22

}
s.t. ∥Xi∥0 ≤ s ∀ i, {Ck} ∈ G

The weight ηk = λ0 Q(Wk) above. This is a fixed
weight, since Wk is fixed in this step. We refer to the

term ∥WkYi −Xi∥22 + ηk ∥Yi∥22, with Xi = Hs(WkYi)
(i.e., the optimal sparse code of Yi in transform Wk)
as a clustering measure corresponding to the signal Yi.

This is a modified version of the measure in (P1), and
includes the additional penalty ηk ∥Yi∥22 determined by
the regularizer (i.e., determined by the conditioning of

Wk
11). It is easy to observe that the objective in (P6)

involves the summation of only N such ‘clustering mea-
sure’ terms (one for each signal). Since every training

signal is counted exactly once (in one cluster) in the
double summation in Problem (P6), we can construct
the equivalent optimization problem as follows.

N∑
i=1

min
1≤k≤K

{
∥WkYi −Hs(WkYi)∥22 + ηk ∥Yi∥22

}
(9)

The minimization over k for each Yi above deter-

mines the cluster Ck (in (P6)) to which Yi be-
longs. For each Yi, the optimal cluster index k̂i
12 is such that

∥∥∥Wk̂i
Yi −Hs(Wk̂i

Yi)
∥∥∥2
2
+ ηk̂i

∥Yi∥22 ≤

∥WjYi −Hs(WjYi)∥22 + ηj ∥Yi∥22, ∀j ̸= k̂i. The optimal

X̂i in (P6) is then Hs

(
Wk̂i

Yi

)
. There is no coupling be-

tween the sparse coding/clustering problems in (9) for

the different training signals {Yi}Ni=1. Thus, the training
signals can be sparse coded and clustered, in parallel.

11 This clustering measure will encourage the shrinking of
clusters corresponding to any badly conditioned, or badly
scaled transforms.
12 When two or more clusters are equally optimal, then we
pick the one corresponding to the lowest cluster index k.
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3.1.2 Transform Update Step

Here, we solve for {Wk} in (P5) with fixed {Ck}, {Xi}.
Although this is an unconstrained joint minimization

problem over the set of transforms, the optimization
problem is actually separable (due to the objective be-
ing in summation form) into K unconstrained prob-

lems, each involving only a particular square transform
Wk. Thus, the transform update problem becomes

(P7) min
Wk

∑
i∈Ck

∥WkYi −Xi∥22 + λkQ(Wk)

Here, λk = λ0 ∥YCk
∥2F is a fixed weight. Problem (P7)

is solved separately for each k, which can be done in
parallel. Problem (P7) is similar to the transform up-
date problem encountered for (P3) (Ravishankar and

Bresler, 2013a), and can thus be solved similarly.

Let U be the matrix whose columns are the training
signals Yi belonging to the kth cluster (i.e., i ∈ Ck).

Let V be the corresponding (fixed) sparse code matrix.
Problem (P7) can then be solved exactly and efficiently
by using the simple closed-form solution proposed by

Ravishankar and Bresler (2013a). First, we decompose
the positive-definite matrix UUT +λkI as UUT +λkI =
LLT (e.g., by Cholesky decomposition, or taking the

eigen value decomposition (EVD) square root), where
I is the n×n identity. Next, we obtain the full singular
value decomposition (SVD) of the matrix L−1UV T as

BΣRT , where B, Σ, and R are all n×nmatrices. Then,
the optimal transform Ŵk in (P7) is given as

Ŵk =
R

2

(
Σ + (Σ2 + 2λkI)

1
2

)
BTL−1 (10)

where the (·) 1
2 operation above denotes the positive def-

inite square root. The closed-form solution (10) is guar-

anteed to be a global optimum of Problem (P7). Com-
pared to iterative optimization methods such as con-
jugate gradients (CG), (10) allows for both cheap and

exact computation of the solution of the transform up-
date problem. The OCTOBOS learning Algorithm A1
is summarized in Fig. 1. Algorithm A1 assumes that an

initial estimate
{
Ŵ 0

k , X̂
0
i , Ĉ

0
k

}
is available (see Section

6.2 for examples of initializations). The initial
{
Ŵ 0

k

}
is only used by the algorithm in a degenerate scenario
mentioned later in Footnote 19.

3.2 Computational Cost

The algorithm for (P5) consists of the sparse coding
and clustering step, and the transform update step. We

derive the computational cost of each of these steps.

OCTOBOS Learning Algorithm A1
Input : Y - training matrix with N signals, s - sparsity
level, λ0 - constant, K - number of clusters, J - number
of iterations.

Output :
{
Ŵk

}
- learnt transforms,

{
X̂i

}
- learnt

sparse codes,
{
Ĉk

}
- learnt clusters.

Initial Estimates:
{
Ŵ 0

k , X̂
0
i , Ĉ

0
k

}
.

For t = 1 : J Repeat
1) Transform Update: For each 1 ≤ k ≤ K, do

(a) Let Ψ , Ĉt−1
k . Compute λk = λ0 ∥YΨ∥2F .

(b) Compute L−1 =
(
YΨY T

Ψ + λkI
)−1/2

.

(c) Compute full SVD of L−1YΨ (X̂t−1
Ψ )T as BΣRT .

(d) Ŵ t
k = R

2

(
Σ + (Σ2 + 2λkI)

1

2

)
BTL−1.

2) Sparse Coding and Clustering: For 1 ≤ i ≤ N ,

(a) If i = 1, set Ĉt
k = ∅ ∀ k, and compute ηk =

λ0 Q(Ŵ t
k), 1 ≤ k ≤ K.

(b) Compute γk = ηk ∥Yi∥22 +
∥∥Ŵ t

kYi −Hs(Ŵ t
kYi)

∥∥2

2
,

1 ≤ k ≤ K. Set k̂ = min {k : γk = mink γk}. Set
Ĉt

k̂
← Ĉt

k̂
∪ {i}.

(c) X̂t
i = Hs

(
Ŵ t

k̂
Yi

)
.

End

Fig. 1 Algorithm A1 for OCTOBOS learning via (P5). A
superscript of t is used to denote the iterates in the algorithm.

Sparse coding and clustering. First, the sparse
code of every training signal with respect to every trans-

form Wk is computed. The computation of WkY re-
quires n2N multiply-add operations. The projection of
WkY on to the s-ℓ0 ball if done by full sorting would

require O(nN log n) operations. Thus, the cost of find-
ing the sparse representation of the training matrix in
a particular Wk is dominated by O(n2N). Since this

needs to be done for each k, the total number of oper-
ations scales as O(Kn2N). Denoting m = Kn this cost
is O(mnN).

Next, for each training signal, in order to perform
clustering, the clustering measure, which is the sum of
the sparsification error and weighted signal energy, is

computed with respect to all the transforms. The total
cost of computing the sparsification error (taking into
account that the sparsification error is only computed

using the transform domain residual on the complement
of the support of the sparse code) for all training sig-
nals in all clusters is O((n−s)KN). Since the weighted

signal energy term λ0 ∥Yi∥22 Q(Wk) needs to be com-
puted for all i, k, we first compute λ0 Q(Wk) for all k at
a cost of O(Kn3) (computing determinants dominates

this cost). Next, the term ∥Yi∥22 is computed for all i at

a cost of O(nN). Then, computing λ0 ∥Yi∥22 Q(Wk) and

adding it to the corresponding sparsification error term
for all i, k, requires O(KN) operations. Finally, to com-
pute the best cluster for each signal requires O(K − 1)

comparisons (between the clustering measure values for
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Square Trans. OCTOBOS KSVD

Cost O(n2N) O(mnN) O(mn2N)

Table 1 Computational cost per-iteration for square sparsi-
fying transform, OCTOBOS, and KSVD learning.

different transforms), and thus O((K−1)N) operations

for the entire Y matrix. Assuming, N ≫ n, it is clear
based on the preceding arguments that the computation
of {WkY } dominates the computations in the sparse

coding and clustering step, with a cost of O(mnN) (or,
O(Kn2N)).

Transform update. In this step, we compute the
closed-form solution for the transform in each cluster

using (10). First, the matrix UUT + λkIn (notations
defined in Section 3.1.2) needs to be computed for each
(disjoint) cluster. This requires O(n2N) multiply-add

operationas totally (over all clusters). (Note that the
computation of all the λk’s requires only O(nN) oper-
ations.) The computation of L and L−1 requires O(n3)

operations for each cluster, and thus about O(Kn3) op-
erations for K clusters. Next, the matrix UV T is com-
puted for each cluster. Since V has s-sparse columns,

this matrix multiplication gives rise to a total (over
all clusters) of αn2N multiply-add operations (assum-
ing s = αn, with α < 1). Finally, the computation of

L−1UV T , its SVD, and the closed-form update (10) re-
quire O(n3) operations per cluster, or about O(Kn3)
operations for K clusters. Since, N ≫ m = Kn typ-

ically, we have that the cost of the transform update
step scales as O(n2N). Thus, for K ≫ 1, the transform
update step is cheaper than the sparse coding step for

the proposed algorithm.

Based on the preceding arguments, it is clear that

the computational cost per iteration (of sparse cod-
ing and transform update) of our algorithm scales as
O(mnN) 13. This is much lower (in order) than the per-

iteration cost of learning an n × m overcomplete syn-
thesis dictionary D using K-SVD (Aharon et al, 2006),
which, (assuming, as in the transform model, that the

synthesis sparsity level s = βn with β < 1 14), scales as

13 Setting m = n for the case K = 1, this agrees with previ-
ous cost analysis for square transform learning using (P3),
which has per-iteration cost of O(n2N) (Ravishankar and
Bresler, 2013c).
14 The notion that sparsity s scales with the signal dimen-
sion n is rather standard. For example, while s = 1 may work
for representing the 4× 4 patches of an image in a DCT dic-
tionary with n = 16, the same sparsity level of s = 1 for an
n = 2562 DCT dictionary for a 256× 256 (vectorized) image
would lead to very poor image representation. Therefore, the
sparsity s must increase with the size n. A typical assumption
is that the sparsity s scales as a fraction (e.g., 5% or 10%) of
the image or, patch size n. Otherwise, if s were to increase
only sub-linearly with n, it would imply that larger (more

O(mn2N). Our transform learning also holds a similar

(per-iteration) computational advantage over analysis
dictionary learning schemes such as analysis K-SVD.
The computational costs per-iteration of square trans-

form, OCTOBOS, and KSVD learning are summarized
in Table 1.

As illustrated in our experiments in Section 6, both
the OCTOBOS and square transform learning algo-

rithms converge in few iterations in practice. Therefore,
the per-iteration computational advantages for OCTO-
BOS over K-SVD typically translate to a net computa-

tional advantage in practice.

OCTOBOS learning could be used for a variety
of purposes including clustering (classification), denois-
ing, and sparsity-based signal compression. In the lat-

ter case, we also need to compute Ŷi = W−1
k Xi, for

all i ∈ Ck, and ∀ k, in order to recover estimates of
the signals from their (compressed) transform codes.

Computing W−1
k , 1 ≤ k ≤ K, has O(Kn3) compu-

tational cost. However, this cost does not depend on
the number of training signals N ≫ Kn (typically),

and is therefore negligible compared to the total cost
O(snN) (= O(n2N) for s ∝ n) of multiplying the once
computed W−1

k for all k, with the corresponding sparse

codes. The latter cost is the same as for multiplying a
synthesis dictionary D with its sparse codes.

4 Convergence Analysis

In this section, we analyze the convergence behavior
of the proposed OCTOBOS learning algorithm, that

solves (P5). While some recent works (Spielman et al,
2012; Agarwal et al, 2013; Arora et al, 2013; Xu and
Yin, 2013; Bao et al, 2014; Agarwal et al, 2014) study

the convergence of (specific) synthesis dictionary learn-
ing algorithms 15, none of them consider the union of
dictionaries case. The prior works also typically require

many restrictive assumptions (e.g., noiseless data) for
their results to hold. In contrast, we present a novel
convergence theory here for learning a union of (trans-

form) sparse models. Importantly, although our pro-
posed Problem formulation (P5) is highly non-convex
(due to the ℓ0 quasi norm on the sparse codes and the

log-determinant penalty), our results hold with few or
no assumptions.

complex) images are somehow better sparsifiable, which is
not true in general.
15 Most of these (synthesis dictionary learning) algorithms
have not been demonstrated to be practically useful in appli-
cations such as denoising. Bao et al (2014) show that their
method denoises worse than the K-SVD method (Elad and
Aharon, 2006).
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Very recently, a convergence result (Ravishankar

and Bresler, 2014) has been derived for the algorithm
for the (single) square transform learning Problem (P3).
Here, we derive the results for the general overcomplete

OCTOBOS case.

4.1 Main Results

The convergence results are more conveniently stated in
terms of an unconstrained form of (P5). Problem (P5)
has the constraint ∥Xi∥0 ≤ s∀ i, which can equivalently

be added as a penalty in the objective by using a bar-
rier function ϕ(X) (where X ∈ Rn×N is the matrix of
all sparse codes), which takes the value +∞ when the

constraint is violated, and is zero otherwise. Then, we
denote the objective of (P5) as

g (W,X,Γ ) =

K∑
k=1

∑
i∈Ck

∥WkYi −Xi∥22 + ϕ(X) (11)

+

K∑
k=1

λkQ(Wk)

where W ∈ RKn×n is obtained by stacking the Wk’s
on top of one another, the matrix X ∈ Rn×N contains

the sparse codes Xi as its columns, and the row vector
Γ ∈ R1×N is such that its ith element Γi ∈ {1, ..,K}
denotes the cluster index (label) corresponding to the

signal Yi. As discussed in Section 2.5, the clusters
{
Ck

}
form a disjoint partitioning of [1 : N ].

Problem (P5) is to find the best possible union of

sparsifying transforms model for a given set of data Y ,
by minimizing the sparsification error, and controlling
the condition numbers (avoiding trivial solutions) of the

cluster-specific transforms. Proposition 5 in Section 2.5
established the identifiability of good models by solving
Problem (P5). Here, we discuss the convergence behav-

ior of our algorithm A1 that solves (P5).
For our convergence results, we make only the fol-

lowing mild assumption.

Assumption 1. Our proposed solution involves
computing SVDs, EVDs (of small n× n matrices), and
scalar square roots. Although in practice these quanti-

ties are computed using iterative methods, we assume,
for the theoretical analysis, that they are computed
exactly. In practice, standard numerical methods are

guaranteed to quickly provide machine precision accu-
racy for these computations.

Since the training matrix Y ∈ Rn×N , the training

signals are also bounded, i.e., maxi ∥Yi∥2 < ∞. For
a vector z, let βj(z) denote the magnitude of the jth

largest element (magnitude-wise) of z. For a matrix B,

∥B∥∞ , maxi,j |Bij |. We say that a sequence {bt} has

an accumulation point b, if there is a subsequence that

converges to b. For our iterative Algorithm A1 (in Fig.
1), we denote the iterates (or, outputs) at each itera-
tion t by the set (W t, Xt, Γ t), where W t denotes the

matrix obtained by stacking the cluster-specific trans-
forms W t

k (1 ≤ k ≤ K), Xt is the sparse code matrix
with the sparse codes Xt

i (1 ≤ i ≤ N) as its columns,

and Γ t is a row vector containing the cluster indices
Γ t
i (1 ≤ i ≤ N) as its elements. Each Γ t

i contains the
cluster index corresponding to signal Yi. The following

theorem provides a convergence result for the OCTO-
BOS learning Algorithm A1.

Theorem 1 Let {W t, Xt, Γ t} denote the iterate se-
quence generated by Algorithm A1 with training data
Y and initial (W 0, X0, Γ 0). Then, the objective se-

quence {gt} with gt , g (W t, Xt, Γ t) is monotone de-
creasing, and converges to a finite value, say g∗ =
g∗(W 0, X0, Γ 0). The iterate sequence is bounded, and

all its accumulation points are equivalent in the sense
that they achieve the same value g∗ of the objective.
Finally, every accumulation point (W,X,Γ ) is a fixed

point of Algorithm A1 satisfying the following partial
global optimality conditions

(X,Γ ) ∈ argmin
X̃,Γ̃

g
(
W, X̃, Γ̃

)
(12)

W ∈ argmin
W̃

g
(
W̃ ,X, Γ

)
(13)

as well as the following partial local optimality property.

g (W + dW,X +∆X,Γ ) ≥ g (W,X,Γ ) (14)

Property (14) holds for all dW with sufficiently small
pertubations to the individual cluster-specific transforms
dWk ∈ Rn×n satisfying ∥dWk∥F ≤ ϵk for some ϵk >

0 that depends on the specific Wk, and the following
condition on ∆X. For every 1 ≤ k ≤ K, let ∆XCk

∈
Rn×|Ck| be the matrix with columns ∆Xi ∈ Rn for i ∈
Ck. Then, ∆X is such that ∆XCk

∈ R1k ∪ R2k for all
k, where

R1k: The half-space tr
{
(WkYCk

−XCk
)∆XT

Ck

}
≤ 0.

R2k: The local region defined by
∥∆XCk

∥∞ < mini∈Ck
{βs(WkYi) : ∥WkYi∥0 > s}.

Furthermore, if we have ∥WkYi∥0 ≤ s∀ i ∈ Ck, then the
corresponding ∆XCk

can be arbitrary.

The local region R2k in Theorem 1 that de-
termines the size of the local perturbation ∆XCk

in class k, is determined by the scalar γk =
mini∈Ck

{βs(WkYi) : ∥WkYi∥0 > s}. This scalar is com-
puted by (i) taking the columns of WkY corresponding

to the kth cluster; (ii) choosing only the vectors with
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sparsity > s; (iii) finding the sth largest magnitude el-

ement of those vectors; and (iv) picking the smallest of
those values.

Theorem 1 indicates that for a particular starting

point (W 0, X0, Γ 0), the iterate sequence in our algo-
rithm converges to an equivalence class of accumula-
tion points. Every accumulation point has the same

cost g∗ = g∗(W 0, X0, Γ 0) 16, and is a fixed point of
the algorithm, as well as a partial local minimizer (with
respect to the cluster transforms and sparse code vari-

ables) of the objective g (W,X,Γ ). Since Algorithm A1
minimizes the objective g (W,X,Γ ) by alternating be-
tween the minimization over (X,Γ ) andW , and obtains

the global optimum in each of these minimizations, it
follows that the algorithm’s fixed points satisfy the par-
tial global optimality conditions (12) and (13).

Thus, we can also say that, for each initial
(W 0, X0, Γ 0), the iterate sequence in OCTOBOS con-
verges to an equivalence class of fixed points, or an
equivalence class of partial local/global minimizers sat-

isfying (12), (13), and (14). This is summarized by the
following Corollary.

Corollary 1 For a particular initial (W 0, X0, Γ 0), the
iterate sequence in Algorithm A1 converges to an equiv-

alence class of fixed points, that are also partial mini-
mizers satisfying (12), (13), and (14).

The following corollary summarizes the convergence
of Algorithm A1 for any starting point (the phrase

“globally convergent” refers to convergence from any
initialization).

Corollary 2 The iterate sequence in Algorithm A1 is
globally convergent to the set of partial minimizers of
the non-convex objective g (W,X,Γ ).

We would like to emphasize that unlike results in
previous work (for synthesis learning), Theorem 1 that

shows the convergence of the proposed non-convex OC-
TOBOS learning algorithm is free of any restrictive con-
ditions or requirements. Theorem 1 also holds for any

choice of the parameter λ0 in (P5), which controls the
condition number of the cluster transforms. The condi-
tion (14) in Theorem 1 holds true not only for local (or

small) perturbations in the sparse codes, but also for
arbitrarily large perturbations of the sparse codes in a
half space, as defined by region R1k.

While Theorem 1 shows partial local/global opti-
mality for Algorithm A1, the following Theorem 2 es-
tablishes that, under certain conditions, every accumu-

lation point of the iterate sequence in Algorithm A1 is

16 The exact value of g∗ may vary with initialization. We
will empirically illustrate in Section 6.2 that our algorithm is
also insensitive to initialization.

a stationary point of the overall objective. Algorithm

A1 then converges to the set of stationary points of the
overall problem.

Equation (9) indicates that the objective that is

minimized in Problem (P5) can be equivalently writ-
ten as

f (W ) = (15)

N∑
i=1

min
k

{
∥WkYi −Hs(WkYi)∥22 + λ0 Q(Wk) ∥Yi∥22

}
This equivalent objective is now only a function of the

transforms {Wk} (with the cluster assignment being
implicit). Our OCTOBOS learning algorithm can be
thought of as an alternating minimization algorithm to

minimize the function f(W ), that also involves the op-
timization with respect to the additionally introduced
sparse code and cluster index variables.

We now state Theorem 2 in terms of the equivalent
objective f(W ).

Theorem 2 Let {W t, Xt, Γ t} denote the iterate se-
quence generated by Algorithm A1 with training data Y

and initial (W 0, X0, Γ 0). Let each accumulation point
(W,X,Γ ) of the iterate sequence be such that (X,Γ )

is the unique minimizer of g
(
W, X̃, Γ̃

)
for fixed W .

Then, every accumulation point of the iterate sequence
is a stationary point of the objective f(W ).

Theorem 2 establishes that the iterates converge to
the set of stationary points of f(W ). It assumes that for
every accumulation point (W,X,Γ ), the pair (X,Γ ) is

the unique minimizer of g
(
W, X̃, Γ̃

)
for fixed W . Note

that the condition (X,Γ ) ∈ argmin
X̃,Γ̃

g
(
W, X̃, Γ̃

)
is al-

ready guaranteed by Theorem 1. Only the uniqueness

of the sparse coding and clustering solution is addition-
ally assumed in Theorem 2, i.e., we assume that there
are no ties in assigning the clusters or sparse codes.

Although the result in Theorem 2 depends on the
uniqueness condition, the following conjecture postu-

lates that provided the following Assumption 2 (that
uses a probabilistic model for the data) holds, the
uniqueness condition holds with probability 1, i.e., the

probability of a tie in assigning the cluster or sparse
code is zero.

Assumption 2. The training signals Yi ∈ Rn for

1 ≤ i ≤ N , are drawn independently from an absolutely
continuous probability measure over the n-dimensional
ball Ŝ , {y ∈ Rn : ∥y∥2 ≤ c0} for some c0 > 0.
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Conjecture 1 Let Assumption 2 hold. Then, with prob-

ability 1, every accumulation point (W,X,Γ ) of Algo-
rithm A1 is such that (X,Γ ) is the unique minimizer

of g
(
W, X̃, Γ̃

)
for fixed W .

Conjecture 1 is motivated in Section 4.2.3. If Con-

jecture 1 holds, then every accumulation point of the
iterate sequence in Algorithm A1 is immediately a sta-
tionary point of f(W ) with probability 1.

4.2 Proofs

We use the operation H̃s(b) here to denote the set of all
optimal projections of b ∈ Rn onto the s-ℓ0 ball defined
as {x ∈ Rn : ∥x∥0 ≤ s}.

We now prove the following properties of Algorithm
A1 one-by-one.

(i) The objective sequence in Algorithm A1 con-
verges.

(ii) The sequence of iterates is bounded.

(iii) The iterate sequence has an accumulation point.
(iv) All the accumulation points of the iterate se-

quence have a common objective value.

(v) Every accumulation point of the iterate sequence
is a fixed point of the algorithm satisfying the par-
tial global optimality conditions (12) and (13).

(vi) Every fixed point of the algorithm is a local min-
imizer of g (W,X,Γ ) with respect to the trans-
forms {Wk} and sparse codes {Xi}.

(vii) Under the uniqueness condition stated in Theo-

rem 2, every accumulation point is a stationary
point of the equivalent objective f(W ).

Items (i)-(vi) above pertain to Theorem 1 and estab-
lish the various results in Theorem 1, while item (vii)
pertains to Theorem 2.

4.2.1 Proof of Theorem 1

Our first lemma shows the convergence of the objective
sequence in Algorithm A1.

Lemma 2 Let {W t, Xt, Γ t} denote the iterate se-
quence generated by Algorithm A1 with training data
Y and initial

(
W 0, X0, Γ 0

)
. Then, the objective se-

quence {gt} with gt , g (W t, Xt, Γ t) is monotone de-
creasing, and converges to a finite value, say g∗ =

g∗
(
W 0, X0, Γ 0

)
.

Proof : In the transform update step, we solve K in-
dependent unconstrained problems. For each k, we ob-

tain a global minimizer with respect to Wk in (P7).

The closed-form solution is given in (10). Since, by As-

sumption 1, we obtain an exact solution in the trans-
form update step, the objective decreases in this step,
i.e., g

(
W t+1, Xt, Γ t

)
≤ g (W t, Xt, Γ t). Furthermore,

as discussed in Section 3.1.1, in the sparse coding and
clustering step too, we obtain an exact solution with re-
spect to {Ck} and {Xi} (for fixed cluster transforms).

Therefore, g
(
W t+1, Xt+1, Γ t+1

)
≤ g

(
W t+1, Xt, Γ t

)
.

Combining the results for the two steps, we get

g
(
W t+1, Xt+1, Γ t+1

)
≤ g

(
W t, Xt, Γ t

)
(16)

By Lemma 1 in Section 2.5, the objective in (P5) is
lower bounded. Since, the objective is monotone de-
creasing and lower bounded, it converges. �

The next lemma establishes the boundedness of the
iterate sequence.

Lemma 3 The iterate sequence generated by Algo-
rithm A1 is bounded.

Proof : For each t, the iterate is (W t, Xt, Γ t). Clearly,
1 ≤ Γ t

i ≤ K. Therefore, it is obvious that Γ t
i is bounded

by K for any i and all t.

Now, consider the triplet
(
W t, Xt−1, Γ t−1

)
. Since

g
(
W t, Xt−1, Γ t−1

)
=

∑K
k=1

∑
i∈Ct−1

k

∥∥W t
kYi −Xt−1

i

∥∥2
2

+
∑K

k=1 λ0

∥∥∥YCt−1
k

∥∥∥2
F
Q(W t

k) (note that ϕ(X) = 0 for

the iterates) is a sum of non-negative terms 17, we have
that for any k,

λ0

∥∥∥YCt−1
k

∥∥∥2
F
Q(W t

k) ≤ g
(
W t, Xt−1, Γ t−1

)
≤ g0 (17)

where the last inequality is due to the monotonic de-

crease of the objective (Lemma 2). Now, it could hap-
pen that at a particular iteration, the cluster Ct−1

k (the
output of the clustering step) is empty. In such cases, we

assume that in the subsequent transform update step,
the transform W t

k for the kth cluster remains fixed at
W t−1

k . This transform is still used in the following clus-

tering step, and may produce a non-empty cluster Ct
k.

Since W t
k remains fixed whenever Ct−1

k is empty, we
only need to bound it for the iterations where Ct−1

k is

non-empty.

Now, assuming Ct−1
k is non-empty, we can further

consider two sub-cases: (1)
∥∥∥YCt−1

k

∥∥∥
F

= 0; and (2)∥∥∥YCt−1
k

∥∥∥
F
̸= 0. Now, when

∥∥∥YCt−1
k

∥∥∥
F
= 0, it means that

the signals in the kth cluster are all zero. In this case, the
corresponding sparse codes Xt−1

Ct−1
k

(obtained by thresh-

olding zero signals) will also be all zero. Therefore, the

17 The regularizer Q(W t
k) is non-negative by the arguments

in the proof of Lemma 1 in Section 2.5.
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objective for the kth cluster in the tth transform update

step is identically zero in this case. This objective is
minimized by any (transform) matrix in Rn×n. There-
fore, in this case, we assume that the optimal W t

k is set

to W t−1
k . Since W t

k remains fixed in this case, we only

need to consider the case when
∥∥∥YCt−1

k

∥∥∥
F

̸= 0. In the

latter case, we have by (17) that

Q(W t
k) ≤

g0

λ0

∥∥∥YCt−1
k

∥∥∥2
F

≤ g0

λ0η2
(18)

where the last inequality follows from
∥∥YCt

k

∥∥
F
≥ η, with

η , mini: ∥Yi∥2 ̸=0 ∥Yi∥2 being a fixed strictly positive
number.

The function Q(W t
k) =

∑n
i=1(α

2
i − log αi), where

αi (1 ≤ i ≤ n) are the (all positive) singular values of
W t

k, is a coercive function of the singular values, and

therefore it has bounded lower level sets 18. Combining
this fact with (18), we get that there is a constant c
(that depends only on g0, λ0, η) such that ∥W t

k∥F =√∑n
i=1 α

2
i ≤ c. Thus, the sequence {W t} of cluster

transforms is bounded.
We now bound the sparse codes Xt

i (1 ≤ i ≤ N) for
all t. First, for each iteration t and index i, we have that

there exists a k (1 ≤ k ≤ K) such that Xt
i = Hs (W

t
kYi)

(see Fig. 1). Therefore, by the definition of Hs(·), we
have∥∥Xt

i

∥∥
2
=

∥∥Hs (W
t
kYi)

∥∥
2
≤

∥∥W t
kYi

∥∥
2
≤

∥∥W t
k

∥∥
2

∥∥Yi

∥∥
2

(19)

Since W t
k (by aforementioned arguments) and Yi are

both bounded (by constants that do not depend on t),
(19) implies that the sequence {Xt} of sparse codes is

also bounded. �
Proposition 6 The iterate sequence in Algorithm A1
has at least one convergent subsequence, or in other

words, it has at least one accumulation point.

Proof : Since the iterate sequence is bounded, the ex-

istence of a convergent subsequence (for a bounded se-
quence) is a standard result. �

The following property of the accumulation points

of the iterates in our algorithm will be used to prove
that all accumulation points are equivalent.

Lemma 4 Any accumulation point (W ∗, X∗, Γ ∗) of
the iterate sequence generated by Algorithm A1 satis-
fies

X∗
i ∈ H̃s

(
W ∗

Γ∗
i
Yi

)
∀ i (20)

18 The lower level sets of a function f̂ : A ⊂ Rn 7→ R (where

A is unbounded) are bounded if limt→∞ f̂(xt) = +∞ when-
ever {xt} ⊂ A and limt→∞ ∥xt∥ =∞.

Proof : Consider the subsequence {W qt , Xqt , Γ qt} (in-

dexed by qt), that converges to the accumulation point
(W ∗, X∗, Γ ∗). We then have for each i (1 ≤ i ≤ N)

X∗
i = lim

t→∞
Xqt

i = lim
t→∞

Hs

(
W qt

Γ
qt
i

Yi

)
(21)

where Γ qt
i is the cluster index for Yi at iteration qt. Now,

for each i, since the integer sequence
{
Γ qt
i

}
converges to

Γ ∗
i (which is also an integer in {1, ...,K}), this implies

that this convergence takes place in a finite number of
iterations, i.e., there exists a t0 ∈ N such that ∀ t ≥ t0,
we have Γ qt

i = Γ ∗
i . Using this result in (21) yields

X∗
i = lim

t→∞
Hs

(
W qt

Γ∗
i
Yi

)
∈ H̃s

(
W ∗

Γ∗
i
Yi

)
(22)

where the containment on the right hand side of (22)
follows from Lemma 10 of Appendix A. Indeed, since

the vector sequence
{
W qt

Γ∗
i
Yi

}
converges to W ∗

Γ∗
i
Yi,

by Lemma 10 the accumulation point of the sequence{
Hs

(
W qt

Γ∗
i
Yi

)}
above must lie in the (possibly non-

singleton) set H̃s

(
W ∗

Γ∗
i
Yi

)
. �

For the following lemma, we define ĝ (W,X,Γ ) ,
g (W,X,Γ )− ϕ(X).

Lemma 5 All the accumulation points of the iterate

sequence generated by Algorithm A1 with a given ini-
tialization correspond to a common objective value g∗.
Thus, they are equivalent in that sense.

Proof : Consider the subsequence {W qt , Xqt , Γ qt} (in-
dexed by qt), that converges to the accumulation point

(W ∗, X∗, Γ ∗).

First, for each k, the matrix W ∗
k is non-singular.

This follows from (18) which implies that

− log
∣∣detW t

k

∣∣ ≤ g0

λ0η2
(23)

and (23) further implies that
∣∣detW t

k

∣∣ is bounded away

from zero for all t. Hence, due to the continuity of the
determinant function, W ∗

k (the limit point of a subse-
quence) is non-singular. We then have that

lim
t→∞

ĝ (W qt , Xqt , Γ qt) = lim
t→∞

ĝ (W qt , Xqt , Γ ∗)

= ĝ (W ∗, X∗, Γ ∗) (24)

where for the first equality in (24), we used the previ-
ously mentioned fact that, for each i, the convergence

of the integer sequence
{
Γ qt
i

}
implies that Γ qt

i = Γ ∗
i

for sufficiently large t. The second equality in (24) fol-
lows because, for fixed cluster indices, the function ĝ, is

continuous with respect to the cluster transforms and
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sparse code vectors at (W ∗, X∗). The continuity is ob-

vious from the fact that the sparsification error term
in ĝ is a quadratic, and the regularizer term in ĝ is
continuous at non-singular matrices W ∗

k .

Next, by Lemma 4, the accumulation point X∗
i (the

ith column of X∗) is s-sparse for all i. Furthermore,
Algorithm A1 guarantees that Xqt

i is s-sparse for each t

and all i. Therefore, the barrier function ϕ(X) is zero for
the sparse code subsequence and for its accumulation
point. It follows that (24) is equivalent to

lim
t→∞

g (W qt , Xqt , Γ qt) = g (W ∗, X∗, Γ ∗) (25)

because g and ĝ coincide in these equations. Finally,
by Lemma 2, the left hand side limit above is in fact
g∗. Therefore, we have that for any accumulation point

(W ∗, X∗, Γ ∗) of the iterate sequence,

g (W ∗, X∗, Γ ∗) = g∗ (26)

�
For a particular accumulation point (W ∗, X∗, Γ ∗)

of the iterate sequence in our algorithm, the following

result shows that the cluster index Γ ∗
i is the optimal

cluster index for signal Yi with respect to the set of
transforms {W ∗

k }.

Lemma 6 Any accumulation point (W ∗, X∗, Γ ∗) of
the iterate sequence generated by Algorithm A1 satis-
fies for each 1 ≤ i ≤ N the inequality∥∥∥W ∗

Γ∗
i
Yi −Hs

(
W ∗

Γ∗
i
Yi

)∥∥∥2
2
+ λ0 ∥Yi∥22 Q

(
W ∗

Γ∗
i

)
≤ (27)

λ0 ∥Yi∥22 Q
(
W ∗

j

)
+
∥∥W ∗

j Yi −Hs

(
W ∗

j Yi

)∥∥2
2

∀ j ̸= Γ ∗
i .

Proof : Consider the subsequence {W qt , Xqt , Γ qt} (in-

dexed by qt), that converges to the accumulation point
(W ∗, X∗, Γ ∗). Let us pick a specific index i. The conver-
gence of the integer sequence

{
Γ qt
i

}
then implies that

Γ qt
i = Γ ∗

i for sufficiently large t ≥ t0. For each t ≥ t0,
the sparse coding and clustering step of Algorithm A1
guarantees that Γ qt

i = Γ ∗
i is the optimal cluster index

for signal Yi, i.e.,∥∥∥W qt
Γ∗
i
Yi −Xqt

i

∥∥∥2
2
+ λ0 ∥Yi∥22 Q

(
W qt

Γ∗
i

)
≤ (28)

λ0 ∥Yi∥22 Q
(
W qt

j

)
+
∥∥W qt

j Yi −Hs

(
W qt

j Yi

)∥∥2
2

∀ j ̸= Γ ∗
i .

We would like to take the limit t → ∞ on both
sides of the above inequality. Notice that the sequence{
W qt

j

}
converges to W ∗

j for every j, and by Lemma 4,

the limit point of the sequence
{
Xqt

i

}
satisfies X∗

i ∈
H̃s

(
W ∗

Γ∗
i
Yi

)
. This implies that

lim
t→∞

∥∥∥W qt
Γ∗
i
Yi −Xqt

i

∥∥∥2
2
=

∥∥∥W ∗
Γ∗
i
Yi −X∗

i

∥∥∥2
2

=
∥∥∥W ∗

Γ∗
i
Yi −Hs

(
W ∗

Γ∗
i
Yi

)∥∥∥2
2

(29)

where the last equality in (29) follows because ev-

ery sparse code in the set H̃s

(
W ∗

Γ∗
i
Yi

)
provides the

same sparsification error, or in other words, X∗
i and

Hs

(
W ∗

Γ∗
i
Yi

)
provide the same sparsification error in

(29). Furthermore, for a fixed j, since, by Lemma 10 of
Appendix A, every accumulation point of the sequence{
Hs

(
W qt

j Yi

)}
lies in the set H̃s

(
W ∗

j Yi

)
, we also easily

have that

lim
t→∞

∥∥W qt
j Yi −Hs

(
W qt

j Yi

)∥∥2
2
=

∥∥W ∗
j Yi −Hs

(
W ∗

j Yi

)∥∥2
2

Now, since W ∗
j is non-singular, the regularizer term

Q
(
W qt

j

)
converges to Q

(
W ∗

j

)
for any j.

Thus, taking the limit t → ∞ on both sides of (28),

and using the above limits for each of the terms in (28),
we immediately get the result (27) of the lemma. �

The following property of the accumulation points

in our algorithm will be used to prove that every accu-
mulation point is a fixed point. In the following lemma,
C∗

k denotes the set of indices belonging to the kth clus-

ter, for an accumulation point (W ∗, X∗, Γ ∗) of the it-
erate sequence in Algorithm A1.

Lemma 7 Any accumulation point (W ∗, X∗, Γ ∗) of

the iterate sequence generated by Algorithm A1 satis-
fies

W ∗ ∈ argmin
W

g (W,X∗, Γ ∗) (30)

Specifically, for each 1 ≤ k ≤ K, we have

W ∗
k ∈ argmin

Wk

∑
i∈C∗

k

∥WkYi −X∗
i ∥

2
2 + λ0

∥∥YC∗
k

∥∥2
F
Q(Wk)

(31)

Proof : Consider the subsequence {W qt , Xqt , Γ qt} (in-
dexed by qt), that converges to the accumulation point
(W ∗, X∗, Γ ∗). Assume without loss of generality that

the sequence
{
W qt+1

}
converges to say W ∗∗. Other-

wise we can work with a convergent subsequence (ex-
ists since the sequence is bounded)

{
W qrt+1

}
, and the

following proof technique still holds by considering the
subsequence {W qrt , Xqrt , Γ qrt}. Note that the subse-
quence {W qrt , Xqrt , Γ qrt} converges to the same limit

(W ∗, X∗, Γ ∗) as the original {W qt , Xqt , Γ qt} above.

For (31) to hold, we need only consider k for which

C∗
k is non-empty and

∥∥YC∗
k

∥∥
F
̸= 0. For any other k, (31)

is trivially true. Let us now pick a specific such k. Since
the integer vector sequence {Γ qt} converges, it follows

that, there exists a t0 ∈ N such that Γ qt = Γ ∗ for all
t ≥ t0. Hence,

Cqt
k = C∗

k ∀ t ≥ t0, ∀ k (32)
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In the remainder of this proof, we consider only t ≥
t0. Because of (32), the data in the kth cluster does not
change over the subsequence iterations qt for t ≥ t0.
Hence, in the transform update step (of Algorithm A1)

at iteration qt + 1 for t ≥ t0, the computed (unique)
inverse EVD square root matrix has the form

L−1 =
(
YC∗

k
Y T
C∗

k
+ λ0

∥∥YC∗
k

∥∥2
F
I
)−1/2

(33)

where the subscript C∗
k is used to denote the matrix

whose columns are the signals corresponding to the in-

dices in C∗
k .

Let Bqt
k Σqt

k (Rqt
k )

T
denote the full SVD of

L−1YC∗
k

(
Xqt

C∗
k

)T

. The transform W qt+1
k is computed in

(10) in terms of the above SVD by the expression

W qt+1
k =

Rqt
k

2

(
Σqt

k +
(
(Σqt

k )
2
+ 2λkI

) 1
2

)
(Bqt

k )
T
L−1

where λk = λ0

∥∥YC∗
k

∥∥2
F
.

For L−1 defined as in (33), and W qt+1
k defined as

above, and recalling the assumption that
{
W qt+1

k

}
converges to W ∗∗

k and
{
W qt

k , Xqt
C∗

k

}
converges to(

W ∗
k , X

∗
C∗

k

)
for the chosen subsequence, we have that

all conditions for Lemma 11 in Appendix A are satis-

fied. Therefore, we have

W ∗∗
k ∈ argmin

Wk

∑
i∈C∗

k

∥WkYi −X∗
i ∥

2
2 + λkQ(Wk) (34)

The above result holds for every k. Therefore, since the

objective g (W,X∗, Γ ∗) is the sum of the objectives cor-
responding to each cluster-wise transform, we have

W ∗∗ ∈ argmin
W

g (W,X∗, Γ ∗) (35)

Now, by Lemma 5, we have that g (W ∗, X∗, Γ ∗) =

g∗. Furthermore, applying the same arguments as pre-
viously used in (24), (25), and (26) to the (convergent)
sequence

{
W qt+1, Xqt , Γ qt

}
(Γ qt = Γ ∗ for t ≥ t0), we

also get that g (W ∗∗, X∗, Γ ∗) = g∗. Since W ∗ achieves
the same value of the objective (with fixed sparse codes
and cluster indices) as W ∗∗, and using (35), we immedi-

ately have that (30) holds. Equation (31) then trivially
holds due to the separability of the objective in (30).
�

Lemma 8 Every accumulation point of the iterate se-
quence generated by Algorithm A1 is a fixed point of the

algorithm.

Proof : Consider the subsequence {W qt , Xqt , Γ qt} (in-

dexed by qt), that converges to the accumulation point
(W ∗, X∗, Γ ∗). We then have by Lemma 6 and Lemma
4 that

(X∗, Γ ∗) ∈ argmin
X,Γ

g (W ∗, X, Γ ) (36)

To see this, note that Lemma 6 provides the optimality
of the cluster index Γ ∗

i for signal Yi for each i, for given

W ∗. Now, for a given (optimal) cluster index Γ ∗
i , the

set of optimal sparse codes for signal Yi is given by

H̃s

(
W ∗

Γ∗
i
Yi

)
. Since, by Lemma 4, X∗

i ∈ H̃s

(
W ∗

Γ∗
i
Yi

)
,

we obtain (36).

Next, we have the result of Lemma 7 that

W ∗ ∈ argmin
W

g (W,X∗, Γ ∗) (37)

In order to deal with any non-uniqueness of solutions

in (37), we assume for Algorithm A1 that if a cer-
tain iterate W t+1 (fixed t) satisfies g

(
W t+1, Xt, Γ t

)
=

g (W t, Xt, Γ t), then we equivalently set W t+1 = W t.

Similarly, in order to deal with any non-uniqueness of
solutions in (36), we assume that if W t+1 = W t holds
(fixed t) and g

(
W t+1, Xt+1, Γ t+1

)
= g (W t, Xt, Γ t),

then we equivalently set Γ t+1 = Γ t and Xt+1 = Xt 19.

These assumptions and equations (37) and (36)

imply that if we provide the accumulation point
(W ∗, X∗, Γ ∗) into Algorithm A1 as the initial iterate,
the algorithm stays at the point. Therefore, the accu-

mulation point is a fixed point. �

The fixed point property implies that every accu-
mulation point (W ∗, X∗, Γ ∗) is a global optimum of

g (W,X,Γ ) with respect to either
{
Wk

}
, or (X,Γ ),

with the other variables fixed. The following lemma es-
tablishes the local optimality (jointly with respect to

the transform and sparse code variables) of the accu-
mulation points.

Lemma 9 Every fixed point (W,X,Γ ) of Algorithm
A1 is a local optimum of the objective g (W,X,Γ ) with

respect to (W,X).

Proof : Since (W,X,Γ ) is a fixed point of Algorithm
A1, we have that

W ∈ argmin
W̃

g
(
W̃ ,X, Γ

)
(38)

19 This rule is trivially satisfied due to the way Algorithm A1
is written, except perhaps for the case when the superscript
t = 0. In the latter case, if the rule is applicable, it means that
the algorithm has already reached a fixed point (the initial
(W 0, X0, Γ 0) is a fixed point), and therefore, no more itera-
tions are performed. All aforementioned convergence results
hold true for this degenerate case.
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The above optimization problem (over the cluster trans-

forms) involves an unconstrained objective, that is sepa-
rable into the component-wise objectives corresponding
to each W̃k, i.e., we can write

g
(
W̃ ,X, Γ

)
=

K∑
k=1

gk

(
W̃k, XCk

)
(39)

where we denoted the set of indices i for which Γi =

k by Ck. Specifically, the component-wise objective is
given as

gk

(
W̃k, XCk

)
=
∥∥W̃kYCk

−XCk

∥∥2
F
+ λk

∥∥W̃k

∥∥2
F

− λk log
∣∣det W̃k

∣∣+ ϕ(XCk
) (40)

where λk = λ0

∥∥YCk

∥∥2
F
.

Each Wk in (38) is a global minimizer of the corre-
sponding component-wise objective. Therefore, it pro-

vides a gradient value of 0 (necessary condition) for that
objective. Thus, we have that

2WkYCk
Y T
Ck

− 2XCk
Y T
Ck

+ 2λkWk − λkW
−T
k = 0 (41)

Since (W,X,Γ ) is a fixed point of Algorithm A1, we
also have that

(X,Γ ) ∈ argmin
X̃,Γ̃

g
(
W, X̃, Γ̃

)
(42)

Therefore, we have for any k that

Xi ∈ H̃s(WkYi) ∀ i ∈ Ck (43)

Now, keeping the cluster indices Γ fixed, and using
the definition of gk in (40) along with (41) and (43),
and applying Lemma 12 in Appendix A, we get that

the following condition holds for each component-wise
objective gk.

gk(Wk + dWk, XCk
+∆XCk

) ≥ gk (Wk, XCk
) (44)

The condition holds for all sufficiently small dWk ∈
Rn×n satisfying ∥dWk∥F ≤ ϵk for some ϵk > 0 that
depends on the specific Wk, and ∆XCk

∈ Rn×|Ck| in

the union of the following regions.

R1k. The half-space tr
{
(WkYCk

−XCk
)∆XT

Ck

}
≤ 0.

R2k. The local region defined by
∥∆XCk

∥∞ < mini∈Ck
{βs(WkYi) : ∥WkYi∥0 > s}.

If we have ∥WkYi∥0 ≤ s∀ i ∈ Ck, then ∆XCk
can be

arbitrary.
Finally, summing the result in (44) over all k, we

get that

g (W + dW,X +∆X,Γ ) ≥ g (W,X,Γ ) (45)

The above condition (45) holds for ∥dWk∥F ≤ ϵk
and ∆XCk

in R1k∪ R2k for all k. Thus, the fixed
point (W,X,Γ ) is a local minimum of the objective
g (W,X,Γ ), with respect to the cluster transform and

sparse code variables. �

This concludes the proof of Theorem 1.

4.2.2 Proof of Theorem 2

Let (W,X,Γ ) be an accumulation point of the iterate
sequence in Algorithm A1. The function f(W ) involves

the summation of N terms of the form

fi(W ) = min
k

{
∥WkYi −Hs(WkYi)∥22 + λ0 Q(Wk) ∥Yi∥22

}
The function fi(W ) computes the minimum value of
the clustering measure for Yi with respect to the set
of transforms {Wk}. Recall that W is obtained the

stacking the Wk’s on top of each other. Let us de-
note the clustering measure corresponding to signal
Yi in a fixed transform B ∈ Rn×n by the function

f̃i(B) = ∥BYi −Hs(BYi)∥22 + λ0 Q(B) ∥Yi∥22. Then,

fi(W ) = min
k

f̃i(Wk) (46)

Lemma 3 established the boundedness of the iter-
ate sequence in Algorithm A1. This implies that the
accumulation (W,X,Γ ) is also bounded (same bound

works as for the iterates). By Lemma 8, the accumula-
tion point is a fixed point. Since Y ∈ Rn×N , the train-
ing signals are all bounded. We can now use Lemma 13
of Appendix A (which shows Lipschitz continuity, and

therefore continuity of the sparsification error function),
and the fact that Q(B) is continuous at full rank matri-
ces B, to conclude that the function f̃i(B) is continuous

at the point Wk for any k.
Now, the optimal cluster index for a signal Yi with

respect to the set of transforms (fixed point) {Wk}
is (assumed) unique, i.e., there is a non-zero separa-
tion between the smallest value of the clustering mea-
sure f̃i(Wk) (minimum over k) and the second smallest

value. For signal Yi, by the fixed point equation (42),
the optimal cluster index with respect to the fixed point
{Wk} is k = Γi. If we perturb {Wk} by sufficiently small

{dWk}, the minimum cluster index for Yi with respect
to {Wk + dWk} remains at (the unique) Γi due to the
continuity of the function f̃i(B) at B = Wk ∀ k in (46),

and because argmink f̃i(Wk) is unique (= Γi).
Therefore, for a particular Yi, we have that fi(W ) =

f̃i(WΓi) and fi(W+dW ) = f̃i(WΓi+dWΓi) for all suffi-

ciently small {dWk} (dW is formed by stacking the dWk

on top of each other). Further, since X is the (assumed)

unique minimizer of g
(
W, X̃, Γ

)
for fixed W and Γ , we

also have that H̃s(WΓiYi) is the singleton Hs(WΓiYi).
It is then easy to obtain (using the definition of the

derivative as a limit) the following two equations

∇WΓi
fi(W ) =2WΓiYiY

T
i − 2Hs(WΓiYi)Y

T
i

+ λ0 ∥Yi∥22
(
2WΓi −W−T

Γi

)
(47)
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∇Wk
fi(W ) = 0 ∀ k ̸= Γi. (48)

Therefore, for a particular index i, the derivative of
fi(W ) at the fixed point W exists and is given by the
above expressions.

We can now show that the fixed point (W,X,Γ )
of Algortihm A1 is a stationary point of f(W ). First,
by the assumption that X is the unique minimizer

of g
(
W, X̃, Γ

)
for fixed W and Γ , we have that

Hs(WkYi) = H̃s(WkYi) ∀ i ∈ Ck in (43), or that
Xi = Hs(WkYi) ∀ i ∈ Ck. Then, using (47) and (48),
we have that for any k for which Ck is non-empty,

the derivative ∇Wk
f(W ) at the fixed point (W,X,Γ )

is 2WkYCk
Y T
Ck

− 2XCk
Y T
Ck

+ 2λkWk − λkW
−T
k , where

λk = λ0

∥∥YCk

∥∥2
F
. When Ck is empty, the aforemen-

tioned derivative is 0.

By the fixed point equation (41), we then have that

∇Wk
f(W ) = 0 at each k, i.e., the fixed point is a sta-

tionary point of f . This concludes the proof of Theorem
2. �

4.2.3 Motivation for Conjecture 1

Conjecture 1 says that every accumulation point

(W,X,Γ ) of the iterate sequence generated by Algo-
rithm A1 is such that (X,Γ ) is the unique minimizer of

g
(
W, X̃, Γ̃

)
for fixed W . By Lemma 8, we know that

every accumulation point (W,X,Γ ) is a fixed point of
Algorithm A1.

Firstly, Conjecture 1 says that the clustering indices

Γ computed with respect to the set {Wk} are uniquely
optimal, i.e., for each Yi, there is a non-zero separation
between the smallest value of the clustering measure

f̃i(Wk) (minimum over k) and the second smallest value
20. From the fixed point equations (41) and (43), we can
see that each transform Wk is essentially a (non-linear)

function of the signals in cluster k. Since the clusters
are disjoint, and the signals in each cluster are indepen-
dent and continuously distributed (by Assumption 2),

we conjecture that the event that any two transforms
Wk and Wj (for k ̸= j) achieve the exact same (min-
imum) value of the clustering measure for a signal Yi

has probability 0.

Secondly, Conjecture 1 says that the set H̃s(WΓiYi)
of optimal sparse codes for signal Yi is a singleton ∀
i. In order for this to fail, the vector WΓiYi must have
two entries of identical magnitude. However, because
the full rank WΓi is a function of the training signals

20 The uniqueness of the cluster index for each signal Yi

in the iterations of Algorithm A1 for various data sets was
empirically observed.

in class k, and since the training signals are continu-

ously distributed with an absolutely continuous proba-
bility measure (by Assumption 2), we conjecture that
the event that two entries of WΓiYi have identical mag-

nitude has probability 0.

5 Image Denoising

There are numerous applications that benefit from a

good sparse model. Image denoising is an important
and classical application that has been widely studied.
The goal of denoising is to recover an estimate of an

image x ∈ RP (2D image represented as a vector) from
its corrupted measurement y = x+h, where h ∈ RP is a
noise vector. Here, we consider h whose entries are i.i.d.

Gaussian with zero mean and variance σ2. We propose
an adaptive image denoising framework in this section
that exploits the proposed union of transforms model,

or OCTOBOS model.

5.1 Problem Formulation

Similar to previous work on dictionary-based image de-

noising (Elad and Aharon, 2006), we work with im-
age patches. We model them as sparse in a trans-
form domain. We allow overlapping patches, which pro-

vide an additional averaging effect that reduces noise.
The patches considered can be vectorized to form the
columns of a training matrix, allowing us to utilize the

proposed schemes such as (P5) to learn an adaptive
transform for patches.

Similar to the previous formulation (Ravishankar

and Bresler, 2013b) for adaptive square transform-
based denoising, we propose the following image de-
noising problem formulation that exploits the union of

transforms model.

min
{Wk,xi,αi,Ck}

K∑
k=1

∑
i∈Ck

{
∥Wkxi − αi∥22 + λ′

i Q(Wk)
}

+ τ

N∑
i=1

∥Ri y − xi∥22

s.t. ∥αi∥0 ≤ si ∀ i, {Ck} ∈ G (P8)

Here, Ri ∈ Rn×P is defined to be a patch extraction

operator, i.e., Riy ∈ Rn denotes the ith patch of the
image y as a vector. We assume a total of N overlap-
ping patches. Compared with Problem (P5), the de-

noising problem includes the additional, yet important
data fidelity term τ

∑N
i=1 ∥Ri y − xi∥22. The assumption

in (P8) is that there exist noiseless xi ∈ Rn that ap-

proximate Riy, and are approximately sparsifiable by
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the learned model. The weight τ for the fidelity term is

typically inversely proportional to the noise level σ, that
is assumed known apriori. Vector αi ∈ Rn in (P8) de-
notes the sparse representation of xi in a specific cluster

transform Wk, with an apriori unknown sparsity level
si. The weight λ′

i is set based on the given noisy data
Riy as λ0 ∥Riy∥22. The net weight on the Q(Wk) regu-

larizer in (P8) is then λk =
∑

i∈Ck
λ′
i. Thus, similar to

Problem (P5), the weight λk here varies depending on
Ck.

Since τ ∝ 1/σ, we have the result that when σ → 0,
the optimal xi → Riy in (P8). In the limit, (P8) re-
duces to the transform learning problem (P5). Since the

patch-based framework is used in formulation (P8), the
denoised image x is obtained by averaging the learned
xi’s at their respective locations in the image (Ravis-

hankar and Bresler, 2013b).
Problem (P8) has the disadvantage that it involves

apriori unknown sparsity levels si. These sparsity levels
have to be estimated in practice. An alternative version

of (P8) would replace the penalty τ
∑N

i=1 ∥Ri y − xi∥22
by constraints ∥Ri y − xi∥22 ≤ nC2σ2 ∀ i, where C
is a constant. Furthermore, the sparsity constraints
in (P8) can be converted to a penalty of the form∑N

i=1 γi ∥αi∥0. Although this modification eliminates
the issue of unknown sparsity levels si, it introduces
another new set of unknown parameters γi > 0 21. In

this paper, we will work with the formulation (P8) that
uses the (simple) data fidelity penalty and sparsity con-
straints. Our algorithm for (P8) will additionally esti-

mate the (minimum) sparsity levels for which the con-
dition ∥Ri y − xi∥22 ≤ nC2σ2 ∀ i is satisfied (similar to
(Elad and Aharon, 2006)).

5.2 Algorithm for (P8)

The proposed iterative algorithm is aimed at solving

the non-convex Problem (P8). While one could solve
(P8) with fixed si (e.g., si set to 10% of the patch size),
we observed that the denoising performance is better

when the si’s are tuned adaptively as discussed above.
Each iteration of our algorithm involves intra-cluster
transform learning, variable sparsity level update, and

clustering steps. The denoised patches xi are updated in
the final iteration. The denoised image is reconstructed
when the iterations complete.

5.2.1 Intra-Cluster Transform Learning

Given {xi}, {si}, and the clusters Ck, we solve for the
cluster transforms {Wk} and the corresponding sparse

21 The γi’s need to be set accurately for the modified for-
mulation to work well in practice.

Algorithm for (P8)
Input : y - noisy image, s - initial fixed sparsity, K -
number of clusters, L - number of iterations of algorithm
for (P8), σ2 - an estimate of noise variance, J - number
of transform learning iterations, λ0 - a constant.
Output : x - Denoised image estimate
Initialization : Patches xi = Riy and si = s for
i = 1, 2, ...., N . Initial Wk = W0 ∀ k, Ck - random cluster
selection for each i ∈ {1, ..., N}.
For l = 1:L Repeat
1. For k = 1...K, update Wk and the corresponding αi

alternatingly (to solve problem (49)), with fixed clus-
ters Ck and xi = Riy. The number of alternations for
each k is J .

2. Update si for all i = 1, 2, ...., N : Increase si in αi =
Hsi

(WkRiy) in (50) where i ∈ Ck, until the error
condition ∥Ri y − xi∥22 ≤ nC2σ2 is reached.

3. For each i ∈ {1, ..., N}, perform clustering and sparse
coding with xi = Riy: calculate α̃k

i = Hsi
(Wkxi) ∀ k

and assign i to cluster Ck̂ if k̂ is the smallest integer

in {1, ...,K} such that
∥∥∥Wk̂xi − α̃k̂

i

∥∥∥2

2
+ ηk̂ ∥xi∥22 ≤∥∥∥Wjxi − α̃j

i

∥∥∥2

2
+ ηj ∥xi∥22 ∀ j ̸= k̂ holds with ηj =

λ0 Q(Wj) ∀ j. The optimal code αi = α̃k̂
i .

End

Update x : Obtain the denoised patches xi satisfying
the error condition in step 2 above, and average them at
their respective image locations.

Fig. 2 Algorithm to solve (P8), and obtain a denoised image
estimate x. A particular initialization is mentioned above for
{Wk, Ck, si}, for simplicity. The W0 above can be chosen to
be the DCT, Wavelets, etc.

codes {αi} in (P8). This problem separates out into K
different single transform learning problems (similar to
(P3)). The kth problem is as follows.

min
{Wk,αi}

∑
i∈Ck

{
∥Wkxi − αi∥22 + λ′

i Q(Wk)
}

s.t. ∥αi∥0 ≤ si ∀ i ∈ Ck (49)

This problem is solved by alternating between sparse

coding and transform update steps. For each of these
steps, we use closed-form solutions (Ravishankar and
Bresler, 2013a).

5.2.2 Intra-Cluster Sparsity Level Update

Now, we update the sparsity levels si for all i. We adopt

a similar method for updating the sparsity levels as
introduced by Ravishankar and Bresler (2013b).

With a fixed cluster transform Wk and αi (i ∈ Ck),
one can solve for xi in (P8) in the least squares sense
as follows.

xi =

[√
τ I

Wk

]† [√
τRiy

αi

]
= G1Riy +G2αi (50)
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where I is the n× n identity, and the matrices G1 and

G2 are given as G1 = τ
(
τI +WT

k Wk

)−1
and G2 =(

τI +WT
k Wk

)−1
WT

k . Both G1 and G2 are computed
once for each cluster.

With αi held at Hsi(WkRiy), we choose si to be the

smallest integer such that the xi in (50) satisfies the er-
ror condition ∥Ri y − xi∥22 ≤ nC2σ2. This can be done
efficiently by pre-computing mi = G1Riy and adding

to it one scaled column of G2 at a time (corresponding
to incrementing si by 1 in αi = Hsi(WkRiy)), until the
error condition is met.

We only update the si’s in this step, except in the fi-

nal algorithm iteration, when the xi’s computed above
satisfying the ∥Ri y − xi∥22 ≤ nC2σ2 condition repre-
sent the final denoised patches. Note that the sparse
code is also further updated here for each i ∈ Ck as

αi = Hsi(WkRiy), using the optimal si.

5.2.3 Clustering

With fixed {si}, {Wk}, and {xi}, we solve (P8) with re-

spect to the clusters {Ck} and sparse codes {αi}. This
problem is similar to (P6). For each i, we solve a sparse
coding and clustering problem in the union of trans-

forms model. We calculate α̃k
i = Hsi(WkRiy) ∀ k, and

choose the cluster Ck̂i
if we have that

∥∥∥Wk̂i
xi − α̃k̂i

i

∥∥∥2
2
+

ηk̂i
∥xi∥22 ≤

∥∥∥Wjxi − α̃j
i

∥∥∥2
2
+ ηj ∥xi∥22 ∀ j ̸= k̂i, where

ηj = λ0 Q(Wj). Then, the optimal αi = α̃k̂i
i . Note that

the clustering step is not performed in the final iteration
of our algorithm for (P8).

5.2.4 Computing Denoised Image Estimate

The denoised image patches {xi} obtained from the it-
erative scheme for (P8) are restricted to their range
(e.g., 0-255 for unsigned 8-bit integer class). We output

the denoised image by averaging the denoised patches
at their respective image locations. The summary of the
method for (P8) is presented in Fig. 2.

In order to enhance the method’s efficiency, we

typically perform the intra-cluster transform learning
in our algorithm using only a subset of patches that
are selected uniformly at random in each cluster. The

patches are all mean-subtracted in our algorithm, and
the means are added back to the final denoised patch
estimates.

Our algorithm learns a union of transforms using

noisy patches, and updates the sparsity levels si adap-
tively during the iterations. One could use the final si’s
output from the algorithm and re-solve (P8) with fixed

si’s by alternating between the intra-cluster transform

learning, xi update (by least squares), and clustering

steps. However, we observed in our experiments that
such additional iterations produce at most a minor ad-
ditional improvement in denoising performance. Hence,

to save run time, we do not include them.

Note that similar to previous work (Ravishankar
and Bresler, 2013b), we do not enforce the constraint
Rix = xi explicitly in (P8), but rather treat extracted

patches as individual data points. Although the final
denoised image estimate is computed by averaging all
patches (at respective locations), the approach may be

sub-optimal (Zoran and Weiss, 2011), but results in an
effective algorithm with low computational cost. Nu-
merical results presented in Section 6 demonstrate this.

5.3 Improved Denoising by Iteratively Resolving (P8)

Our aforementioned algorithm obtains a denoised im-
age estimate by solving (P8) once. We propose an im-

proved iterative denoising scheme that makes multiple
passes through (P8), each time replacing y by its latest
denoised version, setting the noise level to an estimate

of the remaining noise in the denoised image produced
in the previous pass. Each iteration of this denoising
scheme uses the same algorithm (for (P8)) as in Sec-

tion 5.2.

6 Numerical Experiments

6.1 Framework

6.1.1 Overview

In this section, we present results demonstrating the
promise of the proposed adaptive union of transforms,

or OCTOBOS framework in image representation, and
in image denoising. First, we illustrate the convergence
behavior of our alternating transform learning algo-

rithm. We consider the behavior of our algorithm with
various initializations to empirically check whether the
algorithm is sensitive to initializations. We will also

provide examples showing the clustering/classification
ability of our approach. Then, we illustrate the promise
of the proposed transform learning approach for rep-

resenting various images. We compare the image rep-
resentation quality provided by our learnt OCTOBOS
transforms to that provided by learnt single square

transforms, and by fixed analytical transforms such
as the DCT 22. Finally, we demonstrate the potential
of the proposed adaptive OCTOBOS transform-based

22 The DCT is a popular analytical transform that has been
extensively used in compression standards such as JPEG.
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image denoising scheme. We will show that the pro-

posed approach performs better than methods involv-
ing learnt single square transforms or learnt overcom-
plete synthesis dictionaries (K-SVD 23). The computa-

tional advantage of the proposed approach over the syn-
thesis dictionary-based approach will also be indicated.
Furthermore, we demonstrate that our method denoises

better than GMM denoising (Zoran and Weiss, 2011),
and is competitive with the state-of-the-art BM3D
(Dabov et al, 2007) for some images and/or noise levels.

The data in our experiments are generated as the
patches of natural images. We employ our proposed
transform learning Problem formulation (P5) for learn-

ing adaptive sparse representations of such patches. The
means (DC values) of the patches are removed and we
only sparsify the mean-subtracted patches which, af-

ter reshaping as vectors, are stacked as columns of the
training matrix Y . The means are added back for im-
age display. Mean removal is typically adopted in im-

age processing applications such as compression and
image denoising (Elad, 2009; Ravishankar and Bresler,
2013b).

All our (unoptimized) implementations were coded
in Matlab version R2013b. The corresponding Matlab
implementation of K-SVD denoising (Elad and Aharon,

2006) available from Elad’s website (Elad, 2009) was
used in our comparisons. For K-SVD denoising, we used
the built-in parameter settings of the author’s imple-

mentation. We also used the publicly available imple-
mentations of GMM (Weiss, 2011) and BM3D denois-
ing (Dabov et al, 2011). All computations were per-

formed with an Intel Core i7 CPU at 2.9GHz and 4GB
memory, employing a 64-bit Windows 7 operating sys-
tem.

6.1.2 Quality/Performance Metrics:

Several metrics have been introduced previously to
evaluate the quality of learnt transforms(Ravishankar
and Bresler, 2013c,b). The normalized sparsification

error (NSE) for a single transform W is defined as
∥WY − X∥2F / ∥WY ∥2F , where Y is the data matrix,

23 The K-SVD method is a highly popular scheme that has
been applied to a wide variety of image processing applica-
tions (Elad and Aharon, 2006; Mairal et al, 2008a). Mairal
et al (2009) have proposed a non-local method for denoising,
that also exploits learned dictionaries. A similar extension of
OCTOBOS learning-based denoising using non-local means
methodology may potentially provide enhanced performance
for OCTOBOS. However, such an extension would distract
from the focus on the OCTOBOS model in this work. Hence,
we leave its investigation for future work. For the sake of
simplicity, we compare our overcomplete transform learning
scheme to the corresponding overcomplete synthesis dictio-
nary learning scheme K-SVD in this work.

and the columnsXi = Hs(WYi) of the matrixX denote

the sparse codes. The NSE measures the fraction of en-
ergy lost in sparse fitting in the transform domain, and
is an interesting property to observe for the adaptive

transforms. For our proposed approach, since we have
a union of square transforms and clustered patches, we
compute the normalized sparsification error as follows.

NSE =

∑K
k=1

∑
i∈Ck

∥WkYi −Xi∥22∑K
k=1

∑
i∈Ck

∥WkYi∥22
(51)

Here, the numerator is the net sparsification error (i.e.,

the total transform domain residual), and the denom-
inator denotes the total transform domain energy. We
have 0 ≤ NSE ≤ 1. The sparse codes in the kth cluster

above are Xi = Hs(WkYi). For the proposed NSE defi-
nition to be meaningful, we assume that theWk’s are all
normalized (e.g., they have unit spectral norm). When

K = 1, the above definition is identical to the previ-
ously proposed NSE (Ravishankar and Bresler, 2013c)
for a single transform.

For image representation, a useful performance
metric is the recovery peak signal to noise ra-

tio (or recovery PSNR (RP)), which for the case
of a single transform W was previously defined as
20 log10

(
255

√
P/

∥∥Y −W−1X
∥∥
F

)
in decibels (dB),

where P is the number of image pixels and X is again
the transform sparse code of data Y . The recovery
PSNR measures the error in recovering the patches

Y (or equivalently the image, in the case of non-
overlapping patches) as W−1X from their sparse codes
X obtained by projecting WY onto the ℓ0 ball. The re-

covery PSNR serves as a simple surrogate for the per-
formance of a learnt transform in a compression appli-
cation. For our proposed union of transforms approach,

the recovery PSNR is redefined in terms of the clusters
as follows.

RP = 20 log10

(
255

√
P√∑K

k=1

∑
i∈Ck

∥Yi−W−1
k Xi∥2

2

)
(52)

Note that each patch Yi belongs to exactly one cluster
Ck above.

For image denoising, similar to previous work (Elad
and Aharon, 2006), we measure the image reconstruc-

tion PSNR computed between the true noiseless refer-
ence and the noisy or denoised images.

6.2 Convergence and Learning Behavior

Here, we illustrate the convergence behavior of our
alternating OCTOBOS learning algorithm for image
data. We extract the

√
n ×

√
n = 8 × 8 (n = 64) non-

overlapping mean-subtracted patches from the 512×512
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Fig. 3 Behavior of the OCTOBOS Learning Algorithm for
(P5): (a) Objective function with different transform initial-
izations; (b) Sparsification error with different transform ini-
tializations; (c) Objective function with different cluster ini-
tializations for K = 2, along with the objective for single
square transform (K = 1) learning; (d) Sparsification error
with different cluster initializations for K = 2, along with
the sparsification error for single square transform (K = 1)
learning.
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Fig. 4 Cluster size convergence for (P5) corresponding to
Fig. 3(c): (a) Case of random cluster initialization; (b) Case
of ‘equal’ cluster initialization. Note that the cluster sizes
change dramatically in the first iteration in (b).

Barbara image (shown later in Fig. 8). The data ma-
trix Y ∈ Rn×N in this case has 4096 vectorized training

patches. We learn a union of transforms (or, equiva-
lently an OCTOBOS transform) for this data by solv-
ing (P5). The parameters are set as λ0 = 3.1 × 10−3,

s = 11 (which is roughly 1/6th of the data dimension),
and the number of clusters K = 2. The choice of λ0

here ensures well-conditioning of the blocks of the learnt

overcomplete transform. Badly conditioned transforms
degrade performance in applications (Ravishankar and
Bresler, 2013c). Hence, we focus our investigations here

only on the well-conditioned scenario.

(a) (b)
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Fig. 5 Learned OCTOBOS transforms corresponding to Fig.
3(a): Rows of the learned overcomplete transform W shown
as patches (the two square blocks of W are separated by
a white space) for the case of (a) KLT initialization, and
(b) random matrix initialization; Magnitude of the cross-
gram matrix computed: (c) between the two learnt (row-
normalized) square blocks in (a); and (d) between the two
(row-normalized) overcomplete transforms in (a) and (b).

In the experiments of this paper, we assume an ini-

tialization (or, initial estimates) for the clusters {Ck}
and cluster transforms {Wk} in (P5). The initial sparse
codes in (P5) are then computed for the initialization

as Xi = Hs(WkYi), ∀i ∈ Ck, and for each k, and the al-
ternating algorithm A1 is executed beginning with the
transform update step. Note that the initial {Xi} are

fully determined by the initial estimates for the cluster-
specific transforms.

Here, we study the convergence behavior of the al-
gorithm for various initializations. We consider two dif-

ferent scenarios. In Scenario A, we fix the initial clus-
ters {Ck} (each patch is assigned uniformly at random
to one of K = 2 clusters), and vary the initialization

for the cluster transforms {Wk}. Four different initial-
izations for the {Wk} are considered: (i) the 64 × 64
2D DCT matrix (obtained as the Kronecker product of

two 8× 8 1D DCT matrices); (ii) the Karhunen-Loève
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Transform (KLT) initialization, obtained by inverting

(transposing) the left singular matrices of the data in
each cluster; (iii) the identity matrix; and (iv) a ran-
dom matrix with i.i.d. gaussian entries (zero mean and

standard deviation 0.2), respectively 24. In Scenario B,
we fix the initial cluster transforms {Wk} to be the 2D
DCT, and vary the initialization for the {Ck} in (P5).

We consider three initializations for the clusters here:
(i) the initialization obtained by using the well-known
k-means algorithm; (ii) random clustering, where each

patch is assigned uniformly at random (a different ran-
dom clustering is used here, than the one in the afore-
mentioned Scenario A) to one of the clusters; and (iii)

the patches on the left half of the image in one cluster,
and the remaining patches in the second cluster. We
will refer to the initialization (iii) as ‘equal’ initializa-

tion, for simplicity.

Figure 3 shows the progress of the algorithm over
iterations for the various initializations of {Wk} (Sce-

nario A in Figs. 3(a) and 3(b)), and {Ck} (Scenario B in
Figs. 3(c) and 3(d)). Both the objective function (Figs.
3(a) and 3(c)) and sparsification error (Figs. 3(b) and

3(d)) converge quickly for our algorithm. Importantly,
the final values of the objective (similarly, the sparsifica-
tion error) are nearly identical for all the initializations.

This indicates that our learning algorithm is reasonably
robust, or insensitive to initialization. Good initializa-
tions for the {Wk} such as the DCT and KLT lead to

faster convergence of learning (Figs. 3(a) and 3(b)).

For comparison, we also plot in Figs. 3(c) and 3(d),

the behavior of the algorithm for K = 1. In this case
it reduces to the single square transform learning algo-
rithm via (P3) (Ravishankar and Bresler, 2013c,a). The

parameters such as s and λ0 are set to the same values
as for K = 2. Fig. 3(c) shows the objective for single
square transform learning converging to a larger value

compared to OCTOBOS learning. Likewise, the spar-
sification error for OCTOBOS for K = 2 (Fig. 3(d)) is
0.67 dB better than that provided by the learnt single

square transform. This confirms our expectation based
on Proposition 4 in Section 2.

The learned square blocks of the overcomplete
transform here have similar condition numbers (≈ 1.4)
and Frobenius norms (≈ 5) for all initializations. This

confirms that an appropriate choice of λ0 allows the
learnt Wk’s to be similarly scaled, and ensures that the
sparsification error term in (P5) is fully meaningful.

Next, we plot in Fig. 4, the cluster sizes over itera-
tions for two different initializations of {Ck} – random
(Fig. 4(a)) and ‘equal’ (Fig. 4(b)). The final values of

24 Note that for the case of the DCT, identity, and random
initializations, the same matrix is used to initialize all the
Wk’s.

|C1| (alternatively |C2|) for the two initializations are

similar. We observed that the (learnt) clusters them-
selves can be similar (although, not necessarily identi-
cal) for various initializations.

Figure 5 visualizes the transforms learnt by our al-
ternating algorithm with the KLT and with random ini-

tializations for {Wk} (the aforementioned Scenario A).
The rows, or atoms of the learnt overcomplete trans-
forms are shown as patches. The learnt transforms ex-

hibit geometric and texture-like features, achieved by
adaptation to the patches of the Barbara image. In or-
der to gauge the similarity, or difference between the

learnt OCTOBOS transforms with different initializa-
tions, we show in Figure 5(d), the magnitude of the
cross-gram matrix 25 computed between the transforms

in Figs. 5(a) and 5(b). We normalize the rows of the
transforms prior to computing their cross-gram matrix.
The cross-gram matrix then indicates the coherence be-

tween every pair of rows from the two overcomplete
transforms. For the 128×128 cross-gram matrix in this
case, there are only 15 entries with amplitude above 0.9.
This indicates that the two learnt OCTOBOS trans-

forms are not similar, i.e., they are not related by just
row permutations and sign changes. However, interest-
ingly, both still sparsify the data Y equally well. There-

fore, as far as sparsification is concerned, the two dif-
ferent overcomplete transforms can be considered es-
sentially equivalent (Ravishankar and Bresler, 2013c).

How similar are the square blocks of the same over-
complete transform? In Fig. 5(c), we show the magni-

tude of the 64 × 64 cross-gram matrix computed be-
tween the (row normalized) blocks in Fig. 5(a). In this
case, there are only 5 entries with amplitude above 0.9,

indicating that the two learnt square blocks are quite
different. This is not surprising, since the two blocks
here correspond to disjoint clusters.

Although we considered the image Barbara in our
convergence study here, we observed similar behavior

for our algorithm for other images as well.

6.3 Clustering Behavior

In this subsection, we briefly illustrate the clustering
behavior of our OCTOBOS learning scheme. First, we
consider the 251× 249 input image shown in Fig. 6(a).

The image was formed by combining two textures from
the Brodatz database (Brodatz, 1966; He and Safia,
2013). The goal is to cluster the pixels of the image

into one of two classes. In order to do so, we adopt the

25 For two matrices A and B of same size, the cross-gram
matrix is computed as ABT .
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(a) (b) (c)

Fig. 6 K = 2 clustering example: (a) Input image. (b) Input
image with pixels clustered into Class 1 shown in Green for
the K-means initialization, and (c) OCTOBOS.

(a) (b) (c)

Fig. 7 K = 3 clustering example: (a) Input image, (b) Input
image with pixels clustered into Classes 1 and 2 shown in
Green and Red, respectively, for the K-means initialization,
(c) Input image with pixels clustered into Classes 1 and 2
shown in Green and Red, respectively, for OCTOBOS.

following strategy. We consider all overlapping mean-
subtracted patches from the input image, and employ
formulaton (P5) to learn an adaptive clustering of the

patches. Since overlapping patches are used, each pixel
in the image typically belongs to many overlapping
patches. We cluster a pixel into a particular class Ck

if the majority of the patches to which it belongs, are
clustered into that class by (P5).

We use 9×9 (overlapping mean-subtracted) patches
(n = 81), and set s = 10, K = 2, and λ0 is set as
in Section 6.2. We initialize OCTOBOS learning us-

ing the clustering result of the k-means algorithm. The
two cluster transforms are initialized with the DCT. We
now use the aforementioned strategy to cluster the pix-

els of the input two-texture image into one of two classes
using OCTOBOS. Fig. 6(c) shows the clustering result
obtained using OCTOBOS. As a comparison, Fig. 6(b)

shows the image pixels clustered into each class for the
k-means initialization. The proposed scheme is seen to
improve over the k-means result. Alternative initializa-

tions for the OCTOBOS clusters such as random ini-
tialization also provide similar final clustering results,
but typically require more iterations to converge.

Fig. 7 shows clustering results for a 256× 256 three
texture image (Fig. 7(a)). The parameters for OCTO-

BOS are K = 3, and n, s, λ0 are set just as for the
case of Fig. 6. OCTOBOS (Fig. 7(c)) is again seen to
improve over the k-means initialization (Fig. 7(b)).

The clustering examples here illustrate some pre-
liminary potential for the OCTOBOS scheme in clas-

sification. We also observed reasonable clustering re-

sults with other texture images. Note that unlike prior

work in synthesis dictionary-based classification (e.g.,
(Ramirez et al, 2010)), we do not have additional
penalties in (P5) that discriminate (e.g., by enforc-

ing incoherence) between the learnt transform blocks.
An extension of our OCTOBOS scheme by incorpo-
rating such classification-specific penalties (and other

classification-specific heuristics) may be useful for the
classification application. We leave the detailed inves-
tigation of the classification application (for example,

the study of potential discriminative OCTOBOS learn-
ing methods) for future work.

6.4 Sparse Representation of Images

In this section, we study the potential of the proposed

OCTOBOS learning scheme for sparsely representing
various images. We consider the six images shown in
Figure 8. The images Cameraman and Peppers have

256× 256 pixels. The image Man has 768× 768 pixels,
and Couple, Barbara, and Lena have 512× 512 pixels.
We learn overcomplete transforms for each of the im-

ages by solving (P5). We consider 8×8 non-overlapping
mean-subtracted patches, and set λ0, s to the same val-
ues as in Section 6.2. Different levels of overcomplete-

ness (K) are considered. We initialize the OCTOBOS
learning with random clustering (each patch assigned
uniformly at random to one of K clusters) and the

2D DCT transform for the Wk’s. For comparison, we
also learn a square transform (i.e., the K = 1 case) for
the images, which is equivalent to solving (P3) (Ravis-

hankar and Bresler, 2013a). All the transform learning
schemes are run for 100 iterations.

Tables 2 and 3 list the NSE and recovery PSNR

metrics for the various learnt OCTOBOS transforms,
along with the corresponding values for the learnt (sin-
gle) square transforms, the analytical transform of 2D

DCT, and KLT. The learnt transforms (both OCTO-
BOS and square) provide significantly better sparsifica-
tion and recovery compared to the DCT and KLT. Im-

portantly, as K increases, the learnt OCTOBOS trans-
forms provide increasingly better image representation
compared to the learnt square transform. The recovery

PSNR increases monotonically, and NSE decreases like-
wise, as K increases. This clearly indicates that differ-
ent groups/clusters of patches in the images are better

sparsified by different (rather than identical) adaptive
transforms. Another interesting observation is regard-
ing the amount of improvement in NSE and recovery

PSNR that OCTOBOS provides compared to the learnt
square transform for different images. Images that have
more diverse features, or more patches (e.g., Barbara,

Man) require a larger value of K to achieve a certain
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(1) (2)

(3) (4)

(5) (6)

Fig. 8 Images used for sparse representation and denoising
experiments: (1) Peppers, (2) Cameraman, (3) Couple, (4)
Barbara, (5) Lena, (6) Man. These images are numbered 1
through 6 in our results.

Im- DCT KLT SQ OCTOBOS

age K = 2 K = 4 K = 8 K = 16

1 33.2 32.8 35.2 36.0 38.0 41.1 45.9

2 30.0 29.7 32.0 33.3 35.9 40.9 47.8

3 34.0 33.5 34.5 35.0 35.6 36.5 37.9

4 32.9 31.7 34.5 35.4 36.0 36.6 38.1

5 36.9 36.8 37.6 38.2 38.8 39.8 41.4

6 32.5 32.3 33.1 33.5 33.9 34.5 35.3

Av. 33.2 32.8 34.5 35.2 36.4 38.2 41.1

Table 2 Recovery PSNR for the learnt OCTOBOS trans-
forms with different K, and for the learnt single square
(K = 1) transforms (SQ) (Ravishankar and Bresler, 2013a),
and for DCT, and KLT. The best PSNR values are marked in
bold. The last row of the table provides average PSNR values
computed over the six images.

amount of improvement (for OCTOBOS vs. square)
than images with less diverse features, or fewer patches

(e.g., peppers, cameraman).

In order to further explore the relevance of the OC-
TOBOS model for the various images, we consider the

following experiment with K = 2. For each image, we
swap the two learnt OCTOBOS blocks between the two
learnt clusters. We then recompute the NSE and recov-

ery PSNR metrics for the images using the learnt clus-

Im- DCT KLT SQ OCTOBOS

age K = 2 K = 4 K = 8 K = 16

1 4.5 4.9 2.4 2.0 1.3 0.6 0.2

2 9.0 9.7 4.7 3.5 1.9 0.7 0.1

3 6.6 7.3 5.0 4.3 3.8 3.0 2.3

4 6.8 8.9 4.3 3.5 3.0 2.6 1.8

5 4.7 4.8 3.2 2.8 2.4 2.0 1.4

6 9.1 9.5 6.4 5.7 5.2 4.6 3.8

Av. 6.8 7.5 4.3 3.6 2.9 2.2 1.6

Table 3 NSE metric (in percentage) for the learnt OCTO-
BOS transforms with different K, and for the learnt single
square (K = 1) transforms (SQ) (Ravishankar and Bresler,
2013a), and for DCT, and KLT. The best NSE values are
marked in bold. The last row of the table provides average
values computed over the six images.

Image 1 2 3 4 5 6
RPa 32.3 29.2 33.3 32.3 36.4 32.2
RPb 36.0 33.3 35.0 35.4 38.2 33.5
RPc 35.2 32.0 34.5 34.5 37.6 33.1
NSEa 4.8 9.9 6.6 7.3 4.3 8.1
NSEb 2.0 3.5 4.3 3.5 2.8 5.7
NSEc 2.4 4.7 5.0 4.3 3.2 6.4
κ(W1) 1.44 1.59 1.58 1.48 1.51 1.67
κ(W2) 1.32 1.57 1.29 1.35 1.33 1.38

Table 4 Swapping Experiment: The learnt OCTOBOS
blocks for the K = 2 case are swapped between the two
learnt clusters, and the NSE (in percentage) and recov-
ery PSNR metrics are recomputed for various images. For
comparison, we also include the corresponding metrics for
the K = 2 (no swapping) and learnt square transform
(K = 1) cases. The subscripts a, b, and c, are used to de-
note the following scenarios: a : Swapping Experiment result,
b : OCTOBOS (K = 2) result, and c : Square (K = 1) result.
The condition numbers of the two learnt OCTOBOS blocks
(κ(W1) and κ(W2)) are also provided for all images.

ters, but swapped transforms. The results are shown in
Table 4. We observe that the metrics have significantly
worsened (compared to the result without swapping)

with the swapping of the transforms. This now clearly
indicates that the two learnt clusters (or, equivalently,
the two learnt transforms) are quite different from each

other for the images. In fact, with swapping, the NSE
and recovery PSNR results are worse than those ob-
tained with a single learnt square transform, since in

the latter case, the transform is at least learnt over
all the image patches. Note that the learnt OCTOBOS
blocks all have similar and good condition numbers in

Table 4, as expected.

6.5 Image Denoising

We present preliminary results for our adaptive
OCTOBOS-based image denoising framework (based

on (P8)). We work with the six images shown in Fig. 8,
and simulate i.i.d. Gaussian noise at 5 different noise
levels (σ = 5, 10, 15, 20, 100) for each of the im-

ages. We compare the denoising results obtained by
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Image σ
Noisy

BM3D K-SVD GMM OCTOBOS
PSNR

Peppers

5 34.14 38.09 37.78 37.95 38.09
10 28.10 34.66 34.24 34.51 34.57
15 24.58 32.69 32.18 32.54 32.43
20 22.12 31.33 30.80 31.18 30.97

100 8.11 23.17 21.79 22.97 22.23

Cameraman

5 34.12 38.21 37.81 38.06 38.19
10 28.14 34.15 33.72 34.00 34.15
15 24.61 31.91 31.50 31.85 31.94

20 22.10 30.37 29.82 30.21 30.24
100 8.14 23.15 21.76 22.89 22.24

Couple

5 34.16 37.48 37.28 37.35 37.40
10 28.11 34.01 33.51 33.79 33.73
15 24.59 32.08 31.46 31.84 31.71

20 22.11 30.78 30.02 30.51 30.34
100 8.13 23.46 22.57 23.30 22.88

Barbara

5 34.15 38.30 38.08 37.59 38.31
10 28.14 34.97 34.41 33.61 34.64

15 24.59 33.05 32.33 31.28 32.53
20 22.13 31.74 30.83 29.74 31.05
100 8.11 23.61 21.87 22.13 22.41

Lena

5 34.16 38.70 38.61 38.55 38.71

10 28.12 35.88 35.49 35.56 35.64
15 24.63 34.26 33.74 33.87 33.92
20 22.11 33.01 32.41 32.60 32.59
100 8.14 25.75 24.51 25.24 25.17

Man

5 34.15 36.76 36.47 36.75 36.73

10 28.13 33.18 32.71 33.14 32.98
15 24.63 31.32 30.78 31.32 31.07
20 22.11 30.03 29.40 30.02 29.74
100 8.14 23.83 22.76 23.65 22.92

Table 5 PSNR values for denoising with 256 × 64 OCTOBOS transform, along with the corresponding values for denoising
using BM3D (Dabov et al, 2007), the 64× 256 overcomplete K-SVD (Elad and Aharon, 2006), and the GMM method (Zoran
and Weiss, 2011). The PSNR values of the noisy image are also shown.

our proposed algorithm in Section 5, with those ob-
tained by the adaptive overcomplete K-SVD denois-

ing scheme (Elad and Aharon, 2006), the GMM-based
denoising method (Zoran and Weiss, 2011), and the
BM3D method (Dabov et al, 2007), which is a state-of-

the-art image denoising method. Note that as opposed
to the K-SVD scheme, our OCTOBOS method is quite
constrained due to the block cosparsity of the sparse

code.

We work with 8 × 8 (n = 64) overlapping image

patches in our experiments. For OCTOBOS-based de-
noising, we consider a 256× 64 transform, i.e., K = 4.
A corresponding 64 × 256 synthesis dictionary is used

in the synthesis K-SVD denoising method. We fixed the
initial sparsity levels si to 6 for all patches in our algo-
rithm for (P8). We chose C = 1.08, and λ0 = 3.1×10−2.

We perform multiple passes through (P8), as discussed
in Section 5.3. For each noise level (σ) of the orig-
inal noisy image, the number of times that (P8) is

solved, and the corresponding noise levels (for each pass

through (P8)) were determined empirically 26. These
same parameters were used for all the images in our ex-

periments. Other parameters in our algorithm such as
the number of iterations (L, J in Fig. 2) for (P8) were
set empirically. An example of OCTOBOS denoising is

shown in Fig. 9.
Table 5 lists the PSNRs obtained by denoising with

OCTOBOS, overcomplete K-SVD, GMM, and BM3D.

First, the OCTOBOS scheme clearly provides better
PSNRs than K-SVD for all images and noise levels.
Comparing the PSNR values obtained by the 256× 64

OCTOBOS to those of the 64 × 256 synthesis K-SVD
dictionary for each image and noise level, we obtain an
average PSNR improvement (average computed over all

images and noise levels) of 0.30 dB for OCTOBOS over
K-SVD. The improvement over K-SVD for individual
examples is up to 0.66 dB in Table 5. Thus, the OCTO-

BOS method outperforms K-SVD despite using a con-
strained (block cosparse) transform. We also obtain an

26 The noise level estimates decrease over the iterations
(passes through (P8)). We also found empirically that un-
derestimating the noise standard deviation (during each pass
through (P8)) led to better performance.
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average speedup of 2.8x for OCTOBOS denoising over

K-SVD denoising 27. This is because the various steps of
OCTOBOS-based denoising such as the sparse coding
and clustering step are computationally very cheap.

Our OCTOBOS denoising scheme is also 0.05 dB

better on an average (over all images and noise lev-
els) compared to GMM-based denoising in Table 5. Al-
though the state-of-the-art BM3D method is quite bet-

ter than OCTOBOS at σ = 100, OCTOBOS denoising
is only 0.22 dB worse than BM3D on the average at
other noise levels (σ ≤ 20 in Table 5). OCTOBOS de-

noising also performs comparably to BM3D (at lower
noise levels) for certain images such as Cameraman and
Peppers.

Next, using the same parameters as in the preced-

ing experiments, we study the behavior of OCTOBOS
denoising as a function of the overcompleteness K of
the transform. Figs. 10(a) and 10(b) plot the denois-

ing PSNRs for Barbara as a function of the number
of clusters K for σ = 10 and σ = 20, respectively. In
both cases, the denoising PSNR increases with K up to

an optimal value of K, beyond which the PSNR begins
to slowly drop. Initially, as K increases, the OCTO-
BOS model becomes richer, and thus, provides increas-

ingly better denoising. However, when K becomes too
large 28, one cannot reliably learn all the OCTOBOS
square blocks from the limited number of noisy train-

ing data associated with each block, without overfitting
the noise. Thus, the PSNR begins to drop for very large
K. This effect is more pronounced the higher the noise

level, as seen in Fig. 10, where the optimal K where
the plot peaks is lower for σ = 20, than for σ = 10.
The same trend continues at σ = 100 (not shown in

Fig. 10). The plots in Fig. 10 also illustrate the ad-
vantage (up to 0.4 dB improvement for this example)
of OCTOBOS-based denoising over the single square

transform-based (K = 1) denoising. This gap increases
when the OCTOBOS parameters are better tuned for
larger K.

Thus, our results for OCTOBOS-based denoising

are quite comparable to, or better than the results ob-
tained by previous image denoising schemes such as
GMM denoising, BM3D, K-SVD denoising, and adap-

tive square transform denoising. The learned OCTO-
BOS (square) blocks for all images and noise levels in
our experiments, are well-conditioned (condition num-

27 Our MATLAB implementation of OCTOBOS denois-
ing is not currently optimized for efficiency. Therefore, the
speedup here is computed by comparing our unoptimized
MATLAB implementation to the corresponding MATLAB
implementation (Elad, 2009) of K-SVD denoising.
28 Compare this behavior to the monotone increase with K
of the recovery PSNR for image representation (see Section
6.4).

(a) (b)

Fig. 9 Denoising result: (a) Noisy Cameraman (PSNR =
22.10 dB), (b) Denoised Cameraman (PSNR = 30.24 dB)
obtained using the OCTOBOS scheme.
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Fig. 10 Denoising PSNR for Barbara as a function of the
number of clusters K: (a) σ = 10, (b) σ = 20.

bers of 1 − 2). We expect the denoising PSNRs for

OCTOBOS to improve further with optimal parameter
tuning. Our method is limited at very high noise (such
as σ = 100) due to the fact that the learning is done

using corrupted data. Therefore, in the high noise set-
ting, using a fixed OCTOBOS transform (learnt over
a database of images that share similar properties to

the image being denoised) may provide better denois-
ing. This topic is worthy of further future investigation.
Moreover, since the state-of-the-art BM3D is a non-

local method, we believe that a non-local extension to
the OCTOBOS scheme could lead to even better OC-
TOBOS denoising performance. We plan to investigate

such an extension in the near future.

7 Conclusions

In this paper, focusing on the transform model for
sparse representations, we presented a novel union of
sparsifying transforms model. We showed that this

model can also be interpreted as an overcomplete spar-
sifying transform model with an extra block cosparsity
constraint (OCTOBOS) on the sparse code. The sparse

coding in the proposed model can be interpreted as a
form of clustering. We presented a novel problem formu-
lation and algorithm for learning the proposed OCTO-

BOS transforms. Our algorithm involves simple closed-
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form solutions, and is thus computationally very effi-

cient. Our theoretical analysis established global con-
vergence (i.e., convergence from any initialization) of
the algorithm to the set of partial minimizers of the

non-convex learning problem. For natural images, our
learning scheme gives rise to a union of well-conditioned
transforms, and clustered patches or textures. It is

also usually insensitive to initialization. The adapted
model provides better sparsification errors and recov-
ery PSNRs for images compared to learnt single square

transforms, and analytical transforms. In the applica-
tion of image denoising, the proposed scheme typically
provides better image reconstruction quality compared

to adaptive (single) square transforms, and adaptive
overcomplete synthesis dictionaries. These results sug-
gest that the proposed OCTOBOS learning produces

effective models adapted to the data. The usefulness of
our OCTOBOS learning scheme in these applications
merits detailed study and extensive evaluation. Like-
wise, other applications, e.g., inverse problems such as

MRI (Ravishankar and Bresler, 2013d) and CT (Pfis-
ter, 2013; Pfister and Bresler, 2014), and classification
merit further study.

A Useful Lemmas

Here, we list three results (from (Ravishankar and
Bresler, 2014)) that are used in our convergence proof.

The following result is from the Appendix of (Ravis-
hankar and Bresler, 2014).

Lemma 10 Consider a bounded vector sequence
{
αk

}
with αk ∈ Rn, that converges to α∗. Then, every accu-

mulation point of
{
Hs(α

k)
}
belongs to the set H̃s(α

∗).

The following result is based on the proof of Lemma
6 of (Ravishankar and Bresler, 2014).

Lemma 11 Let {W qt , Xqt} with W qt ∈ Rn×n, Xqt ∈
Rn×n, be a subsequence of {W t, Xt} converging to the
accumulation point (W ∗, X∗). Let Z ∈ Rn×N and

L−1 =
(
ZZT + λI

)−1/2
, with λ > 0. Further, let

QqtΣqt (Rqt)
T

denote the full singular value decompo-
sition of L−1Z (Xqt)

T
. Let

W qt+1 =
Rqt

2

(
Σqt +

(
(Σqt)

2
+ 2λI

) 1
2

)
(Qqt)

T
L−1

and suppose that
{
W qt+1

}
converges to W ∗∗. Then,

W ∗∗ ∈ argmin
W

∥WZ −X∗∥2F +λ ∥W∥2F −λ log |detW |

(53)

The following result is based on the proof of Lemma

9 of (Ravishankar and Bresler, 2014). Note that ϕ(X)
is the barrier function defined in Section 4.

Lemma 12 Given Z ∈ Rn×N1 , λ > 0, and s ≥ 0,
consider the function g : Rn×n × Rn×N1 7→ R defined
as g(W,X) = ∥WZ −X∥2F +λ ∥W∥2F −λ log |detW |+
ϕ(X) for W ∈ Rn×n and X ∈ Rn×N1 . Further, let
(Ŵ , X̂) be a pair in Rn×n × Rn×N1 satisfying

2ŴZZT − 2X̂ZT + 2λŴ − λŴ−T = 0 (54)

X̂i ∈ H̃s(ŴZi) , ∀ 1 ≤ i ≤ N1 (55)

Then, the following condition holds at (Ŵ , X̂).

g(Ŵ + dW, X̂ +∆X) ≥ g(Ŵ , X̂) (56)

The condition holds for all sufficiently small dW ∈
Rn×n satisfying ∥dW∥F ≤ ϵ′ for some ϵ′ > 0 that de-

pends on Ŵ , and all ∆X ∈ Rn×N in the union of the
following regions.

R1. The half-space tr
{
(ŴZ − X̂)∆XT

}
≤ 0.

R2. The local region defined by

∥∆X∥∞ < mini

{
βs(ŴZi) :

∥∥∥ŴZi

∥∥∥
0
> s

}
.

Furthermore, if we have
∥∥∥ŴZi

∥∥∥
0
≤ s∀ i, then ∆X can

be arbitrary.

The following lemma is a slightly modified version

of the one in (Ravishankar et al, 2014). We only state
the minor modifications to the previous proof, for the
following lemma to hold.

The lemma implies Lipschitz continuity (and

therefore, continuity) of the function u(B) ,
∥By −Hs(By)∥22 on a bounded set.

Lemma 13 Given c0 > 0, and y ∈ Rn satisfying
∥y∥2 ≤ c0, and a constant c′ > 0, the function u(B) =

∥By −Hs(By)∥22 is uniformly Lipschitz with respect to
B on the bounded set S , {B ∈ Rn×n : ∥B∥2 ≤ c′}.

Proof: The proof is identical to that for Lemma 4

in (Ravishankar et al, 2014), except that the conditions
∥y∥2 = 1 and ∥B∥2 ≤ 1 in (Ravishankar et al, 2014) are
replaced by the conditions ∥y∥2 ≤ c0 and ∥B∥2 ≤ c′ for

the proof here. �
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